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�­­®â æ¨ï

� áá¬ âà¨¢ îâáï ®â®¡à ¦¥­¨ï ¨ ¨å á¢®©áâ¢  ¯à¨ ¯¥à¨®¤¨ç¥áª¨å ¢®§¤¥©áâ¢¨ïå.

�«ï ®¤­®¬¥à­ëå ¯®«¨¬®¤ «ì­ëå ®â®¡à ¦¥­¨© ¯®«ãç¥­ë  ­ «¨â¨ç¥áª¨¥ ãá«®¢¨ï,

¯à¨ ¢ë¯®«­¥­¨¨ ª®â®àëå ®­¨ ¡ã¤ãâ ®¡« ¤ âì ¯à¥¤¯¨á ­­®© ¤¨­ ¬¨ª®©. Ǳãâ¥¬

ç¨á«¥­­®£® ¨áá«¥¤®¢ ­¨ï ¤¥â «ì­® ¨§ãç¥­® ¯®¢¥¤¥­¨¥ á¥¬¥©áâ¢  ®¤­®¬¥à­ëå ª¢ -

¤à â¨ç­ëå ®â®¡à ¦¥­¨© ¯à¨ ¢®§¬ãé¥­¨¨ ¯® ¯ à ¬¥âàã ¯¥à¨®¤®¢ 2 ¨ 3. Ǳ®áâà®¥­ë

á®®â¢¥âáâ¢ãîé¨¥ ¡¨äãàª æ¨®­­ë¥ ¤¨ £à ¬¬ë.

1 �¢¥¤¥­¨¥

�¨­ ¬¨ç¥áª ï á¨áâ¥¬  ¬®¦¥â ¢¢®¤¨âìáï à §­ë¬¨ ¯ãâï¬¨, ®¤­¨¬ ¨§ ª®â®-

àëå ï¢«ï¥âáï ¯à¥®¡à §®¢ ­¨¥ ®¯à¥¤¥«¥­­®© ®¡« áâ¨ ç¨á«®¢®© ®á¨ ¢ á¥¡ï.

Ǳà¨ íâ®¬ í¢®«îæ¨®­­ë© ¯à®æ¥áá ®¯¨áë¢ ¥âáï äã­ªæ¨¥©, § ¤ îé¥© ®â®-

¡à ¦¥­¨¥:

xn+1 = f(xn; a); n = 1; 2; : : : (1)

�¤¥áì ç¥à¥§ a ®¡®§­ ç¥­  á®¢®ªã¯­®áâì ¢á¥å ¢®§¬®¦­ëå ¯ à ¬¥âà®¢,

®¯à¥¤¥«ïîé¨å à¥¦¨¬ â®£® ¨«¨ ¨­®£® ¯à®æ¥áá . �­®£¤  ª ®â®¡à ¦¥­¨î

¢¨¤  (1) ¯à¨å®¤ïâ ­¥ ¨§ ®á­®¢­ëå ä¨§¨ç¥áª¨å ¯à¨­æ¨¯®¢,   ­  ®á­®¢¥

 ­ «¨§  íªá¯¥à¨¬¥­â «ì­ëå ¤ ­­ëå ¨«¨ ¯®á«¥ àï¤  ã¯à®é¥­¨© ¨áå®¤-

­ëå ãà ¢­¥­¨©. �â®¡à ¦¥­¨ï ¬®£ãâ ¯à®ï¢«ïâì á ¬ë¥ à §«¨ç­ë¥ ¢¨¤ë

¤¨­ ¬¨ª¨: ®â ¯à®áâ®£®, ª®£¤  fxng ! x0 (â.¥. ­ ¡«î¤ ¥âáï áâ æ¨®­ à­ë©

à¥¦¨¬), ¤® çà¥§¢ëç ©­® á«®¦­ëå, â ª¨å, ª ª ¯¥à¥¬¥è¨¢ ­¨¥.
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� ­ áâ®ïé¥© à ¡®â¥ ¨áá«¥¤ã¥âáï ¢«¨ï­¨¥ ¬ «ëå ¯¥à¨®¤¨ç¥áª¨å ¢®§-

¬ãé¥­¨© ­  ®â®¡à ¦¥­¨¥ (1). �â® ®¡ãá«®¢«¥­® â¥¬ ä ªâ®¬, çâ® «î¡ ï

ä¨§¨ç¥áª ï á¨áâ¥¬  ¯®¤¢¥à¦¥­  â¥¬ ¨«¨ ¨­ë¬ ¢®§¤¥©áâ¢¨ï¬. �â âìï ¯®-

áâà®¥­  á«¥¤ãîé¨¬ ®¡à §®¬. Ǳ®á«¥ ¤®ª § â¥«ìáâ¢  ®¡é¨å ãâ¢¥à¦¤¥­¨©

(ç áâì 2) ¯®¤à®¡­® à áá¬ âà¨¢ ¥âáï á¥¬¥©áâ¢®

xn+1 = axn(1� xn) ; (2)

£¤¥ a 2 (0; 4] ¨ xn 2 (0; 1). �¥â «ì­® ¨§ãç¥­® ¥£® ¯®¢¥¤¥­¨¥ ¯à¨ ¢®§¬ã-

é¥­¨¨ ¯® ¯ à ¬¥âàã ¯¥à¨®¤®¢ 2 ¨ 3. Ǳ®«ãç¥­­ë¥ ¯à¨ â ª®¬ ¢®§¤¥©áâ¢¨¨

¡¨äãàª æ¨®­­ë¥ ¤¨ £à ¬¬ë ¤¥¬®­áâà¨àãîâ £ à¬®­¨î å ®á  ¨ ¯®àï¤-

ª  ¨ áà ¢­¨¬ë ¯® ªà á®â¥ á ­¥ª®â®àë¬¨ äà ªâ «ì­ë¬¨ ¬­®¦¥áâ¢ ¬¨,

¯®«ãç ¥¬ë¬¨ ç¥à¥§ ¨â¥à æ¨¨ ª®¬¯«¥ªá­ëå äã­ªæ¨©.

2 �¥â®¤ë  ­ «¨§  ¢®§¬ãé¥­­ëå ®â®¡à ¦¥­¨©

Ǳãáâì ®â®¡à ¦¥­¨¥, ®¯¨áë¢ îé¥¥ ¯®¢¥¤¥­¨¥ ­¥ª®â®à®£® ¯à®æ¥áá , ¨¬¥¥â

¢¨¤:

Ta : x 7�! f(x; a) ; (3)

£¤¥ x 2 M � R
n, a | ¯ à ¬¥âà ¨§ ¬­®¦¥áâ¢  ¤®¯ãáâ¨¬ëå §­ ç¥­¨©

A � R, x = fx1; : : : ; xjg ¨ f = ff1; : : : ; fjg. �¢¥¤¥¬ ¯ à ¬¥âà¨ç¥áª®¥ ¢®§-

¬ãé¥­¨¥ ª ª ¯à¥®¡à §®¢ ­¨¥, G : A ! A. �®£¤  ®â®¡à ¦¥­¨¥ (3) ¯à¥¤-

áâ ¢¨âáï ¢ ¢¨¤¥:

Ta : x 7�! f(x; a); a 7�! g(a) : (4)

�®§¬ãé¥­¨¥ ­ §®¢¥¬ ¯¥à¨®¤¨ç¥áª¨¬ á ¯¥à¨®¤®¬ � , ¥á«¨ ai+1 = g(ai); i =

1; : : : ; � � 1, ¨ a1 = g(a� ). �®£¤  ¬®¦­® ¢¢¥áâ¨ ¬­®¦¥áâ¢® A = fâ 2

A
 A
 � � � 
A| {z }
�

: â = (a1; : : : ; a�); ai 6= aj ; 1 � i; j � �; i 6= j, a1; : : : ; a� 2

Ag, A � R
� . Ǳ®íâ®¬ã

T : Ta1 : x 7�! f(x; a1) � f1 ; : : : ; Ta� : x 7�! f(x; a� ) � f� : (5)

�§ ¢ëà ¦¥­¨ï (5) ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨­â¥à¥á­ë© à¥§ã«ìâ â.
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�¥¬¬  2 [1; 3]. Ǳ¥à¨®¤ t «î¡®£® æ¨ª«  ¢®§¬ãé¥­­®£® ®â®¡à ¦¥-

­¨ï (4) ªà â¥­ ¯¥à¨®¤ã ¢®§¬ãé¥­¨ï � : t = �k, £¤¥ k | ¯®«®¦¨â¥«ì­®¥

æ¥«®¥.

� àï¤¥ à ¡®â (á¬., ­ ¯à¨¬¥à, [1; 3; 4; 5]) ¡ë«®  ­ «¨â¨ç¥áª¨ ¯®ª § ­®,

çâ® ¯à¨ j = 1 ¨ j = 2 ¯®áà¥¤áâ¢®¬ ¯¥à¨®¤¨ç¥áª¨å ¢®§¬ãé¥­¨© ¬®¦­®

¯®¤ ¢¨âì å ®á ¨ áâ ¡¨«¨§¨à®¢ âì ®¯à¥¤¥«¥­­ë¥ æ¨ª«ë ®â®¡à ¦¥­¨©. �¨-

¦¥ ¡ã¤ãâ à áá¬ âà¨¢ âìáï â®«ìª® ®¤­®¬¥à­ë¥ (j = 1) ®â®¡à ¦¥­¨ï. �«ï

â ª¨å ®â®¡à ¦¥­¨© ã¤ ¥âáï ®¡®¡é¨âì à §¢¨âãî ¢ à ¡®â å [1; 4; 5] â¥®à¨î

¨ íää¥ªâ¨¢­® ¨á¯®«ì§®¢ âì ¬¥â®¤ ¯®¨áª  ¢®§¬ãé¥­¨©, ¯à¨¢®¤ïé¨å ª

áâ ¡¨«¨§ æ¨¨ § à ­¥¥ § ¤ ­­ëå æ¨ª«®¢ ¢ ¯à ªâ¨ç¥áª¨å æ¥«ïå.

�¥®à¥¬  1. Ǳãáâì ®â®¡à ¦¥­¨¥ Ta : x 7! f(x; a), x 2 M , a 2 A,

ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ á¢®©áâ¢ ¬:

1) áãé¥áâ¢ã¥â ¯®¤¬­®¦¥áâ¢® � �M â ª®¥, çâ® ¤«ï «î¡ëå x1; x2 2

� ­ ©¤¥âáï §­ ç¥­¨¥ a� 2 A, ¤«ï ª®â®à®£® f(x1; a
�) = x2;

2) áãé¥áâ¢ã¥â ªà¨â¨ç¥áª ï â®çª  xc 2 � â ª ï, çâ® ¯à®¨§¢®¤­ ï

@f(x; a)=@xjx=xc
� Dxf(xc; a) = 0 ¯à¨ «î¡®¬ a 2 A.

�®£¤  ¤«ï «î¡ëå x2; x3; : : : ; x� 2 � ­ ©¤ãâáï â ª¨¥ x1 ¨ a1; a2; : : : ; a� ,

çâ® æ¨ª« (x1; x2; : : : ; x�) ¡ã¤¥â ãáâ®©ç¨¢ë¬ æ¨ª«®¬ ¢®§¬ãé¥­­®£® ®â®-

¡à ¦¥­¨ï Ta ¯à¨ â = (a1; : : : ; a� ).

� à¥ «ì­®© á¨áâ¥¬¥ ¯ à ¬¥âàë ¯®¤¢¥à¦¥­ë ¬ «ë¬ ¢®§¬ãé¥­¨ï¬

¢­¥è­¥© áà¥¤ë. �¯à¥¤¥«¨¬ ãáâ®©ç¨¢®áâì ®¯¨á ­­®£® ¯®¤å®¤  ª â ª®¬ã

¢«¨ï­¨î. �«ï íâ®£® ®æ¥­¨¬ ¤®¯ãáâ¨¬ë¥ ¨áª ¦¥­¨ï ¢ §­ ç¥­¨¨ ¯ à -

¬¥âà®¢ (a1; a2; : : : ; a�) ¨ í«¥¬¥­â®¢ æ¨ª«  (x1; x2; : : : ; x�). Ǳãáâì ãáâ®©ç¨-

¢®¬ã æ¨ª«ã (xc; x2; x3; : : : ; x�) á®®â¢¥âáâ¢ã¥â ¢®§¬ãé¥­¨¥ (a1; a2; : : : ; a�).

Ǳà¥¤¯®«®¦¨¬, çâ® §­ ç¥­¨ï ai á«¥£ª  ¨§¬¥­¨«¨áì: (a01; a
0

2; : : : ; a
0

� ) =

(a1 +�a1; a2 +�a2; : : : ; a� +�a� ), ¯à¨ç¥¬ j�aij � Æa. � ©¤¥¬ ¬ ªá¨¬ «ì-

­® ¤®¯ãáâ¨¬®¥ §­ ç¥­¨¥ Æa, ¯à¨ ª®â®à®¬ ¢®§¬ãé¥­­ë© æ¨ª« á®åà ­ï¥â

ãáâ®©ç¨¢®áâì ¨ ¨áá«¥¤ã¥¬, ª ª ¯à¨ íâ®¬ ¨áª §¨âáï æ¨ª«, â.¥. ®¯à¥¤¥«¨¬

�xi ¤«ï (x01; x
0

2; : : : ; x
0

�) = (xc +�x1; x2 +�x2; : : : ; x� +�x�).

�¥®à¥¬  2. Ǳãáâì f(x; a) 2 C2[M � A] ¨ ¢®§¬ãé¥­­®¥ ®â®¡à ¦¥-

­¨¥ Ta ¯à¨ â = (a1; a2; : : : ; a�) ¨¬¥¥â ãáâ®©ç¨¢ë© æ¨ª« ¯¥à¨®¤  � , p =
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(x1; x2; : : : ; x�). �®£¤ , ¥á«¨ j�aij � Æa = 1

tSaLS
��1
x

�P
i=1

Si
x

; £¤¥ i = 1; 2; : : : ; � ,

Sa = max
x;a

jDaf(x; a)j, L = max
x;a

jD2
xf(x; a)j, Sx = max

x;a
jDxf(x; a)j, â® íâ®

®â®¡à ¦¥­¨¥ ¨¬¥¥â â ª¦¥ ãáâ®©ç¨¢ë© æ¨ª« p0 = (xc + �x1; x2 +

�x2; : : : ; x� +�x�) ¯¥à¨®¤  � ¯à¨ â0 = (a1 +�a1; a2 +�a2; : : : ; a� +�a� ),

¯à¨ç¥¬ j�xij � Æx =
1

LS��1
x

:

3 �¥¬¥©áâ¢® ª¢ ¤à â¨ç­ëå ®â®¡à ¦¥­¨©

� áá¬®âà¨¬ á¥¬¥©áâ¢® ª¢ ¤à â¨ç­ëå ®â®¡à ¦¥­¨© Ta : [0; 1]! [0; 1];

Ta : x 7�! '(a; x) = ax(1� x) ; (6)

ª®â®à®¥ ­ §ë¢ ¥âáï «®£¨áâ¨ç¥áª¨¬. �­® ¬®¤¥«¨àã¥â ¬­®£¨¥ ä¨§¨ç¥áª¨¥

ï¢«¥­¨ï (á¬., ­ ¯à¨¬¥à, [6; 7; 8]) ¨ ®¡« ¤ ¥â è¨à®ª¨¬ á¯¥ªâà®¬ ¤¨­ ¬¨-

ç¥áª¨å à¥¦¨¬®¢. �¢¥¤¥¬ ¢ (6) ¯ à ¬¥âà¨ç¥áª®¥ ¢®§¬ãé¥­¨¥. �á«¨ ¥£®

¯¥à¨®¤ à ¢¥­ � , â®, ®ç¥¢¨¤­®, ¬®¦­® § ¯¨á âì, çâ®

xn+1 = anxn(1� xn) ; an = an mod �+1 : (7)

� ­¥¥ ¡ë«® ¯®ª § ­® [1; 3; 5], çâ® ¢®§¬ãé¥­¨ï â = (a1; a2; : : : ; a� ), ¤¥©áâ¢ã-

îé¨¥ â®«ìª® ­  å ®â¨ç¥áª®¬ ¬­®¦¥áâ¢¥ Ac = Ac 
Ac 
 � � � 
 Ac| {z }
�

, ¬®£ãâ

áâ ¡¨«¨§¨à®¢ âì ¤¨­ ¬¨ªã á¥¬¥©áâ¢  (7). �­ë¬¨ á«®¢ ¬¨, á¯à ¢¥¤«¨¢

á«¥¤ãîé¨© â®ç­ë© à¥§ã«ìâ â.

�¥®à¥¬  3 [3]. �ãé¥áâ¢ã¥â ¯®¤¬­®¦¥áâ¢® Ad � Ac ¬­®¦¥áâ¢ 

¢á¥å ¢®§¬ãé¥­¨©, ¤¥©áâ¢ãîé¨å ­  Ac, â ª®¥, çâ® ¥á«¨ â 2 Ad, â®

¢®§¬ãé¥­®¥ ®â®¡à ¦¥­¨¥ (7) ¨¬¥¥â ãáâ®©ç¨¢ë© æ¨ª«.

�ç¥¢¨¤­®, çâ® á¥¬¥©áâ¢® ®â®¡à ¦¥­¨© (6) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥-

®à¥¬ë 1 (á¬.¢ëè¥). �«ï ¤ ­­®£® ®â®¡à ¦¥­¨ï ¬­®¦¥áâ¢® � | íâ® ¨­â¥à-

¢ « [xb; xe], £¤¥ xb ¨ xe | à¥è¥­¨ï ãà ¢­¥­¨ï xint = f(x; 4), £¤¥ xint 6= 0|

â®çª  ¯¥à¥á¥ç¥­¨ï ªà¨¢®© y = 4x(1� x) ¨ «¨­¨¨ y = x. � ª¨¬ ®¡à §®¬,

[xb; xe] = [1=4; 3=4].

� áá¬®âà¨¬ â¥¯¥àì ¡®«¥¥ ®¡éãî á¨âã æ¨î, ­¥ ®£à ­¨ç¨¢ ïáì ãá«®-

¢¨ï¬¨ â¥®à¥¬ë 1, (á¬. «¥¬¬ã 2). �®¯ãáâ¨¬ á­ ç « , çâ® t = � , â.¥.
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p = (x1; x2; : : : ; xt). �®£¤  â®çª¨, ä®à¬¨àãîé¨¥ íâ®â æ¨ª«, ¡ã¤ãâ ¯®¤-

ç¨­ïâìáï á«¥¤ãîé¥© á¨áâ¥¬¥ ãà ¢­¥­¨©:

a1 =
x2

x1(1�x1)
; a2 =

x3
x2(1�x2)

; : : : ; at =
x1

xt(1�xt)
: (8)

�á­®, çâ® ­¥ ¤«ï ¢á¥å ¢®§¬®¦­ëå xi 2 (0; 1) ¯®«ãç¥­­ë¥ §­ ç¥­¨ï

ai 2 [0; 4]. �¤­ ª® ¥á«¨ íâ® ¢¥à­®, â® ¤«ï «î¡®£® æ¨ª«  p = (x1; x2; : : : ; xt)

¬®¦­® ­ ©â¨ §­ ç¥­¨ï ¯ à¬¥âà®¢ (a1; a2; : : : ; at), ®â¢¥ç îé¨å áãé¥áâ¢®-

¢ ­¨î â ª®£® æ¨ª«  ¢ ®â®¡à ¦¥­¨¨ (7). �®£¤ , ¥á«¨ ¬ã«ìâ¨¯«¨ª â®à

j�(p)j = j
tQ

i=1
ai(1� 2xi)j < 1, â® ®­ ãáâ®©ç¨¢. Ǳ®íâ®¬ã

�(p) =

������

tY

i=1

xi+1

xi(1� xi)
(1� 2xi)

������ =

������

tY

i=1

1� 2xi

1� xi

������ < 1 : (9)

�á«¨ áà¥¤¨ â®ç¥ª æ¨ª«  áãé¥áâ¢ã¥â ªà¨â¨ç¥áª ï â®çª  xc = 1=2, â® (1�

2xc)=(1� xc) = 0. � íâ®¬ á«ãç ¥ ­¥à ¢¥­áâ¢® (9) ¢ë¯®«­ï¥âáï ¢á¥£¤ .

�­®¦¥áâ¢® §­ ç¥­¨© p = (x1; x2; : : : ; xt), ¤«ï ª®â®àëå ai 2 [0; 4] ¨

á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® (9), ®¡à §ã¥â ®¯à¥¤¥«¥­­ãî ®¡« áâì ¢ ª®®à-

¤¨­ â­®¬ ¯à®áâà ­áâ¢¥ Rt. � ¦¤®© â®çª¥ íâ®© ®¡« áâ¨ á®®â¢¥âáâ¢ã¥â

ãáâ®©ç¨¢ë© æ¨ª« ¢®§¬ãé¥­­®£® ®â®¡à ¦¥­¨ï. �á¯®«ì§ãï á¨áâ¥¬ã ãà ¢-

­¥­¨© (8), ¬®¦­® ¯®«ãç¨âì á®®â¢¥âáâ¢ãîéãî ®¡« áâì ¢ ¯ à ¬¥âà¨ç¥-

áª®¬ ¯à®áâà ­áâ¢¥ Rt.

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ¯¥à¨®¤ ¢®§¬ãé¥­¨ï � = 2. �®£« á­®

«¥¬¬¥ 2 æ¨ª« ¢®§¬ãé¥­­®£® ®â®¡à ¦¥­¨ï (7) ¬®¦¥â ¨¬¥âì ¯¥à¨®¤ â®«ìª®

t = 2k ¯à¨ k � 1. �áá«¥¤ã¥¬ ®¡« áâ¨ áãé¥áâ¢®¢ ­¨ï â ª¨å ãáâ®©ç¨¢ëå

æ¨ª«®¢ ¢ ª®®à¤¨­ â­®¬ ¨ ¯ à ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢ å ¯à¨ k = 1; 2; 3.

I. k = 1. �®£¤  ¯¥à¨®¤ ¢®§¬ãé¥­¨ï � = 2 á®¢¯ ¤ ¥â á ¯¥à¨®¤®¬ ãáâ®©-

ç¨¢®£® æ¨ª«  t = � = 2. �  ®á­®¢¥ (8) ¨ (9) «¥£ª® ¯®«ãç¨âì, çâ® ¢ ¯à®-

áâà ­áâ¢¥ (x1; x2) ®¡« áâì ¥£® áãé¥áâ¢®¢ ­¨ï ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¥©

á¨áâ¥¬®© ­¥à ¢¥­áâ¢ (à¨á. 1 ):

0 < x2 <
3x1 � 2

5x1 � 3
; 0 < x1 <

1

3
;

0 < x2 <
x1

3x1 � 1
;

1

3
< x1 <

3

5
;

3x1 � 2

5x1 � 3
< x2 <

x1
3x1 � 1

;
3

5
< x1 < 1 :
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�â®¡ë ¯®áâà®¨âì á®®â¢¥âáâ¢ãîéãî ®¡« áâì ¢ ¯à®áâà ­áâ¢¥ ¯ à ¬¥â-

à®¢ (a1; a2), ­¥®¡å®¤¨¬® ¯à¥®¡à §®¢ âì ®¡« áâì ­  à¨á. 1  ¯®áà¥¤áâ¢®¬

á®®â­®è¥­¨© (8) (à¨á. 1¡). �¨¤­®, çâ® ®¡« áâì §­ ç¥­¨© ¯ à ¬¥âà®¢

[3; 8; 4; 0] ­¥ ¯¥à¥á¥ª ¥âáï á ®¡« áâìî §­ ç¥­¨© ¯ à ¬¥âà®¢, á®®â¢¥âáâ¢ã-

îé¨å æ¨ª« ¬ ¯¥à¨®¤  ¤¢  (à¨á. 1¡). �â® ®¡êïá­ï¥â ¯®ç¥¬ã ¢ à ¡®â¥ [3]

(á¬. ¢ëè¥) ­¥ ¡ë«® ­ ©¤¥­® æ¨ª«®¢ ¯¥à¨®¤  ¤¢ .

II. k = 2. � íâ®¬ á«ãç ¥ ¯¥à¨®¤ ãáâ®©ç¨¢®£® æ¨ª«  à ¢¥­ 4, â. ¥.

p = (x1; x2; x3; x4). �§ (7) á«¥¤ã¥â, çâ®

x2 = a1x1(1� x1); x3 = a2x2(1� x2);

x4 = a1x3(1� x3); x1 = a2x4(1� x4):
(10)

� «¥¥ ­ å®¤¨¬ ¯ à ¬¥âàë a1 ¨ a2 ç¥à¥§ ¤¢  ­¥§ ¢¨á¨¬ëå §­ ç¥­¨ï:

a1 =
x1q1 � x3q3
x1q21 � x3q23

; a2 =
x1

a1q3(1� a1q3)
; (11)

£¤¥ q1 = x1(1 � x1), q3 = x3(1 � x3). �®®â­®è¥­¨¥ (11) ¬®¦­® ¨á¯®«ì§®-

¢ âì ¤«ï ¯®áâà®¥­¨ï ®¡« áâ¨ áãé¥áâ¢®¢ ­¨ï ãáâ®©ç¨¢®£® æ¨ª«  ¯¥à¨®¤ 

4 ¢ ¯à®áâà ­áâ¢¥ ¯ à ¬¥âà®¢ (a1; a2). �¬¥­­®, ¢ë¡à ¢ ¯à®¨§¢®«ì­® x1; x3,

­ ©¤¥¬ a1; a2,   â ª¦¥ ¢ëç¨á«¨¬ x2; x4. � «¥¥ ¢ë¡¥à¥¬ «¨èì â¥ §­ ç¥­¨ï

x1 ¨ x3, ¤«ï ª®â®àëå ¢¥à­® á«¥¤ãîé¥¥:

0 < a1 � 4; 0 < a2 � 4;

�����
1� 2x1
1� x1

1� 2x2
1� x2

1� 2x3
1� x3

1� 2x4
1� x4

����� < 1: (12)

�á«®¢¨ï (12) á ãç¥â®¬ (11) ¢ë¤¥«ïîâ ¢ ¯à®áâà ­áâ¢¥ (a1; a2) ®¡« áâì,

ª®â®à ï ¯®ª § ­  ­  à¨á. 2. �  íâ®¬ à¨áã­ª¥ ¢¨¤­ë ®¡« áâ¨ ¯¥à¥á¥ç¥­¨ï

®â¤¥«ì­ëå "¢¥â¢¥©", ª®â®àë¥ á®®â¢¥âáâ¢ãîâ ¡¨áâ ¡¨«ì­®¬ã ¯®¢¥¤¥­¨î.

III. k = 3. �¤¥áì ¯¥à¨®¤ ãáâ®©ç¨¢®£® æ¨ª«  ¢®§¬ãé¥­­®£® ®â®¡à ¦¥-

­¨ï (7) à ¢¥­ 6, â. ¥. p = (x1; x2; x3; x4; x5; x6). Ǳ®áª®«ìªã ¢®§¬ãé¥­¨¥ ¯®-

¯à¥¦­¥¬ã § ¤ ¥âáï ¤¢ã¬ï ¯ à ¬¥âà ¬¨ (a1; a2), â® â®çª¨ æ¨ª«  p ¤®«¦­ë

ã¤®¢«¥â¢®àïâì á«¥¤ãîé¨¬ á®®â­®è¥­¨ï¬:

a1 =
x2

x1(1� x1)
=

x4
x3(1� x3)

=
x6

x5(1� x5)

a2 =
x3

x2(1� x2)
=

x5
x4(1� x4)

=
x1

x6(1� x6)

(13)
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�ç¨âë¢ ï (13), ­ å®¤¨¬:

Ax55 �Bx45 + Cx35 �Dx25 + Ex5 � F = 0 (14)

£¤¥ A = q1; D = x3q
2
3 + x3q3 + q21; B = 2q1 + x3q3; E = x3q

2
3; C = q1 + q21 +

2x3q3; F = x1q1q3(q3 � q1): �¥¯¥àì, ®¯à¥¤¥«ïï x5 = f(x1; x3) ¨§ ãà ¢­¥­¨ï

(14), ¯à¨ ¯®¬®é¨ á®®â­®è¥­¨© (13) «¥£ª® ¯®«ãç¨âì ¢á¥ ®áâ ¢è¨¥áï ¯ à -

¬¥âàë æ¨ª« : a1, a2, x2, x4, x6. �á«¨ áà¥¤¨ ¢á¥å ¯®«ãç¥­­ëå â ª¨¬ ®¡à §®¬

æ¨ª«®¢ ¢ë¡à âì â®«ìª® â ª¨¥, çâ® xi 2 (0; 1); i = 1; : : : ; 6; a1; a2 2 [0; 4], ¨

j�(p)j < 1, â® ¬®¦­® ¯®áâà®¨âì ®¡« áâì áãé¥áâ¢®¢ ­¨ï ãáâ®©ç¨¢®£® æ¨ª-

«  ¯¥à¨®¤  6 ¢®§¬ãé¥­­®£® ®â®¡à ¦¥­¨ï (7) ¢ ¯à®áâà ­áâ¢¥ ¯ à ¬¥âà®¢

(a1; a2). �â¨ à¥§ã«ìâ âë ¯à¥¤áâ ¢«¥­ë ­  à¨á. 2.

�¡é ï ª àâ¨­  ¤¨ £à ¬¬ë, ¯®áâà®¥­­ ï ç¨á«¥­­®, ¯à¥¤áâ ¢«¥­  ­ 

à¨á. 2. �âç¥â«¨¢® ¢¨¤­ë ®¡« áâ¨  ­ «¨â¨ç¥áª¨ ­ ©¤¥­­ëå ¯¥à¨®¤®¢ t =

�; 2� ¨ 3� (á¬. à¨á. 1, 2).

� áá¬®âà¨¬ â¥¯¥àì ¯¥à¨®¤ ¢®§¬ãé¥­¨ï � = 3. �®®à¤¨­ âë ãáâ®©ç¨-

¢®£® æ¨ª«  p = (x1; x2; x3) ¤®«¦­ë ã¤®¢«¥â¢®àïâì ãá«®¢¨ï¬

0 < x2
x1(1�x1)

� 4; 0 < x3
x2(1�x2)

� 4; 0 < x1
x3(1�x3)

� 4;

0 � x1;2;3 � 1;
����
(1�2x1)(1�2x2)(1�2x3)
(1�x1)(1�x1)(1�x1)

���� < 1:

(15)

�â®¡ë ¯®áâà®¨âì ®¡« áâì ¢ ª®®à¤¨­ â­®¬ ¯à®áâà ­áâ¢¥ (x1; x2; x3), á®®â-

¢¥âáâ¢ãîéãî ¤ ­­ë¬ æ¨ª« ¬, ­¥®¡å®¤¨¬® ®â®¡à §¨âì ¢ ¥¤¨­¨ç­®¬ ªã¡¥

[0 : 1]� [0 : 1]� [0 : 1] «¨­¨¨ ¯¥à¥á¥ç¥­¨ï ¯®¢¥àå­®áâ¥©

x2 = 4x1 (1� x1) ; x3 = 4x2 (1� x2) ; x1 = 4x3 (1� x3) ;

x3 =
3x1x2 � (x1 + x2)

7x1x2 � 3 (x1 + x2) + 1
(á«ãç © + 1) ;

x3 =
3 (x1 + x2)� 5x1x2 � 2

5 (x1 + x2)� 9x1x2 � 3
(á«ãç © � 1) :

(16)

�  à¨á. 3 ¯ãâ¥¬ ®¯à¥¤¥«¥­¨ï «¨­¨© ¯¥à¥á¥ç¥­¨ï ¯®¢¥àå­®áâ¥© (16) ¨ á

ãç¥â®¬ ãá«®¢¨© (15) ¯®áâà®¥­ áª¥«¥â ¨áª®¬®© ®¡« áâ¨.
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�­ «®£¨ç­ãî ®¡« áâì ¢ ¯à®áâà ­áâ¢¥ ¯ à ¬¥âà®¢ ¬®¦­® ¯®«ãç¨âì,

®â®¡à §¨¢ á®®â¢¥âáâ¢ãîé¥¥ ¬­®¦¥áâ¢® ¨§ (x1; x2; x3) ¢ (a1; a2; a3) ¯à¨ ¯®-

¬®é¨ ¯à¥®¡à §®¢ ­¨© (8) ¯à¨ t = 3.

Ǳ®«ãç¥­­ë© à¥§ã«ìâ â ¯®ª § ­ ­  à¨á. 4.

�ëç¨á«¥­¨ï ¤«ï ãáâ®©ç¨¢ëå æ¨ª«®¢ ¡®«ìè¥© ªà â­®áâ¨ (t = 2�; 3�

¨ â. ¤.) ®ª § «¨áì §­ ç¨â¥«ì­® ¡®«¥¥ £à®¬®§¤ª¨¬¨. �  à¨á. 5 ¯®ª § ­®

á¥ç¥­¨¥ ¯à®áâà ­áâ¢  ¯ à ¬¥âà®¢ (a1; a2; a3) ¯«®áª®áâìî a1 = 3; 5.

4 � ª«îç¨â¥«ì­ë¥ § ¬¥ç ­¨ï

� ¤ ­­®© à ¡®â¥ à áá¬®âà¥­ë ¤®áâ â®ç­® ®¡é¨¥ á¢®©áâ¢  ¯ à ¬¥âà¨ç¥-

áª¨ ¢®§¡ã¦¤ ¥¬ëå ®â®¡à ¦¥­¨©. Ǳ®ª § ­®, çâ® ¨áá«¥¤®¢ ­¨¥ â ª¨å ®â®-

¡à ¦¥­¨© ¬®¦­® áãé¥áâ¢¥­­® ã¯à®áâ¨âì. �«ï ®¤­®¬¥à­ëå ¯®«¨¬®¤ «ì-

­ëå ®â®¡à ¦¥­¨© ¯®«ãç¥­ë ãá«®¢¨ï, ¯à¨ ¢ë¯®«­¥­¨¨ ª®â®àëå â ª¨¥ ®â®-

¡à ¦¥­¨ï ¡ã¤ãâ ®¡« ¤ âì ¯à¥¤¯¨á ­­®© ¤¨­ ¬¨ª®©. � ª¨¬ ®¡à §®¬, ¢ ®¡-

é¥¬ ¢¨¤¥ à¥è¥­  ¯à®¡«¥¬  ã¯à ¢«¥­¨ï á¨áâ¥¬ ¬¨, ª®â®àë¥ íää¥ªâ¨¢­®

®¯¨áë¢ îâáï ¯®«¨¬®¤ «ì­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨.

�¥â «ì­® ¨§ãç¥­  ¤¨­ ¬¨ª  á¥¬¥©áâ¢  ®¤­®¬¥à­ëå ª¢ ¤à â¨ç­ëå

®â®¡à ¦¥­¨© ¯à¨ ¯¥à¨®¤¨ç¥áª®¬ ¢®§¬ãé¥­¨¨ ¯® ¯ à ¬¥âàã. Ǳ®ª § ­®,

çâ® ¯à¨ ¢®§¤¥©áâ¢¨¨ ¯¥à¨®¤®¢ 2 ¨ 3 ¯®¢¥¤¥­¨¥ á¥¬¥©áâ¢  ª ç¥áâ¢¥­­®

¨§¬¥­ï¥âáï. �â® ¢ëà ¦ ¥âáï ¢ ¤¢ãå ®á­®¢­ëå ä ªâ å.

1. �«ï ¢®§¬ãé¥­­®£® ®â®¡à ¦¥­¨ï å à ªâ¥à­® á¢®©áâ¢® ¬ã«ìâ¨áâ -

¡¨«ì­®áâ¨.

2. Ǳà¨ §­ ç¥­¨ïå ¯ à ¬¥âà®¢ ¨§ ®¡« áâ¨ å ®â¨ç¥áª®£® ¯®¢¥¤¥­¨ï ¨á-

å®¤­®£® ®â®¡à ¦¥­¨ï, ¢®§¬ãé¥­­ ï á¨áâ¥¬  áâ ­®¢¨âáï à¥£ã«ïà­®©. �â®

¯à®ï¢«ï¥âáï ¢ à®¦¤¥­¨¨ ãáâ®©ç¨¢ëå æ¨ª«®¢ ­¥¡®«ìè®£® ¯¥à¨®¤ . �®«¥¥

â®£®, ãª § ­­ë¥ ¯à®æ¥ááë ¨§¬¥­¥­¨ï ¤¨­ ¬¨ª¨ ï¢«ïîâáï ãáâ®©ç¨¢ë¬¨ ¢

â®¬ á¬ëá«¥, çâ® ¬­®¦¥áâ¢  §­ ç¥­¨© ¢®§¬ãé ¥¬ëå ¯ à ¬¥âà®¢ ®¡à §ãîâ

®¯à¥¤¥«¥­­ë¥ ®¡« áâ¨.
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�¨á. 1: �¡« áâì áãé¥áâ¢®¢ ­¨ï ãáâ®©ç¨¢ëå æ¨ª«®¢ ¯¥à¨®¤  2 ¢®§¬ãé¥­­®£® (� = 2)

ª¢ ¤à â¨ç­®£® ®â®¡à ¦¥­¨ï, § ¤ ¢ ¥¬ ï ªà¨¢ë¬¨ x2 = 4x1(1 � x1) (a), x1 = 4x2(1 �

x2) (b), x2 = (3x1 � 2)=(5x1 � 3) (c), x2 = x1=(3x1 � 1) (d), ¢ ¯à®áâà ­áâ¢¥ (x1; x2) ¨

ªà¨¢ë¬¨ a2 = 1=a1 (e), a2 = 8=[a1(4� a1)] (f), a1 = 8=[a2(4� a2)](g) ¢ ¯ à ¬¥âà¨ç¥áª®¬

¯à®áâà ­áâ¢¥ (a1; a2).
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�¨á. 2: �¨äãàª æ¨®­­ ï ¤¨ £à ¬¬  ®â®¡à ¦¥­¨ï (7)

�¨á. 3: � àª á ®¡« áâ¨ §­ ç¥­¨© ª®®à¤¨­ â ãáâ®©ç¨¢ëå æ¨ª«®¢ p = (x1; x2; x3) ®â®¡à -

¦¥­¨ï (7) ¯à¨ ¯¥à¨®¤¥ ¢®§¬ãé¥­¨ï � = 3.
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�¨á. 4: � àª á ®¡« áâ¨ §­ ç¥­¨© ¯ à ¬¥âà®¢ ¢®§¬ãé¥­¨© (a1; a2; a3) á®®â¢¥âá¢ãîé¨å

ãáâ®©ç¨¢ë¬ æ¨ª« ¬ ¯¥à¨®¤  3 ®â®¡à ¦¥­¨ï (7) ¯à¨ ¯¥à¨®¤¥ ¢®§¬ãé¥­¨ï � = 3.

�¨á. 5: �¨äãàª æ¨®­­ ï ¤¨ £à ¬¬  ®â®¡à ¦¥­¨ï (7) ¯à¨ ¯¥à¨®¤¥ ¢®§¬ãé¥­¨ï � = 3 ¢

®¡« áâ¨ §­ ç¥­¨© ¯ à ¬¥âà®¢ [3:5; 4].
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