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�­­®â æ¨ï

� à ¡®â¥ à §à ¡®â ­ ­®¢ë© ¤®áâ â®ç­® íää¥ªâ¨¢­ë© ¬¥â®¤ «®ª «ì­®£®  ­ «¨-

§  ¤¨­ ¬¨ª¨ á¢ï§ ­­ëå ®â®¡à ¦¥­¨©. � ®â«¨ç¨¥ ®â à ­¥¥ ¯à¥¤« £ ¥¬ëå ®­ ¯®§¢®-

«ï¥â ­ £«ï¤­® ¨áá«¥¤®¢ âì í¢®«îæ¨î ®¡« áâ¥© á¨­åà®­¨§ æ¨¨ ¨ á«®¦­®£® ¯®¢¥-

¤¥­¨ï à á¯à¥¤¥«¥­­®© áà¥¤ë, ®¯¨áë¢ ¥¬®© á®¢®ªã¯­®áâìî ®â®¡à ¦¥­¨©. �ää¥ª-

â¨¢­®áâì ¤ ­­®£® ¬¥â®¤  ¯à®¤¥¬®­áâà¨à®¢ ­  ­  ¯à¨¬¥à å ª®«ìæ¥¢®© ¨ ¯®â®ª®¢®©

¬®¤¥«ïå ¤¨ääã§¨®­­® á¢ï§ ­­ëå ª¢ ¤à â¨ç­ëå ®â®¡à ¦¥­¨©. �­ «¨§ ª®«ìæ¥¢®©

æ¥¯®çª¨ ¯à¨ ­ «¨ç¨¨ ¤¥ä¥ªâ®¢ ¯à®áâà ­áâ¢  ¯®§¢®«¨« ®¡­ àã¦¨âì àï¤ ­®¢ëå

ï¢«¥­¨© £«®¡ «ì­®£® ¯®¢¥¤¥­¨ï.

�«îç¥¢ë¥ á«®¢ : à á¯à¥¤¥«¥­­ë¥ áà¥¤ë, ¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­®© å ®á, à¥è¥âª¨

á¢ï§ ­­ëå ®â®¡à ¦¥­¨©.

1 �¢¥¤¥­¨¥

�áá«¥¤®¢ ­¨¥ à¥è¥â®ª á¢ï§ ­­ëå ®â®¡à ¦¥­¨© ª ª ¬®¤¥«¥© à á¯à¥¤¥«¥­­®© áà¥¤ë ¢

¯®á«¥¤­¨¥ £®¤ë ¯à¨®¡à¥«® ®£à®¬­ãî ¯®¯ã«ïà­®áâì (á¬., ­ ¯à¨¬¥à, [1-5]). �«¥¬¥­âë

à¥è¥âª¨ ¯à¨ íâ®¬ ¯à¥¤áâ ¢«ïîâ á®¡®© â®çª¨ ä¨§¨ç¥áª®£® ¯à®áâà ­áâ¢ ,   å à ªâ¥à

á¢ï§¨ ¬¥¦¤ã ­¨¬¨ ¬®¤¥«¨àã¥â ¢§ ¨¬®¤¥©áâ¢¨¥ ¨áå®¤ï ¨§ ®á­®¢­ëå ä¨§¨ç¥áª¨å ¯à¨­-

æ¨¯®¢. Ǳà¨ â ª®¬ ¯®¤å®¤¥ ¢®§­¨ª ¥â àï¤ ¯à®¡«¥¬, ®á­®¢­ë¬¨ ¨§ ª®â®àëå ï¢«ïîâáï

 ¤¥ª¢ â­ ï § ¬¥­  ­¥¯à¥àë¢­®£® ä¨§¨ç¥áª®£® ¯à®áâà ­áâ¢  ¤¨áªà¥â­ë¬  ­ «®£®¬ ¨

¢ë¡®à ¯à ¢¨«ì­ë© á¢ï§¨. �¤­ ª® ¤ ¦¥ ¯à¨ ã¤ ç­®¬ ¢ë¡®à¥ ¯®«ãç¥­­ ï à¥è¥â®ç­ ï

¬®¤¥«ì ¤ «¥ª® ­¥ ¢á¥£¤  ®¯¨áë¢ ¥â ¡®£ âáâ¢® ¢á¥å ï¢«¥­¨©, ­ ¡«î¤ ¥¬ëå ¢ à á¯à¥¤¥-

«¥­­ëå á¨áâ¥¬ å. Ǳ®íâ®¬ã § ç áâãî ¯à¨¡¥£ îâ ª à áá¬®âà¥­¨î â ª¨å á¨áâ¥¬ á § ª®­®¬

í¢®«îæ¨¨ ¢ í«¥¬¥­â å ¨ á¢ï§ìî, çâ®¡ë ¯à¨ ¨§¬¥­¥­¨¨ ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢ ®­¨

¤¥¬®­áâà¨à®¢ «¨ è¨à®ª¨© á¯¥ªâà ï¢«¥­¨©, ¯à¨áãé¨å à á¯à¥¤¥«¥­­®© áà¥¤¥ [1, 2].

�¥è¥â®ç­ë¥ á¨áâ¥¬ë ¢®§­¨ª îâ ­¥ â®«ìª® ¯à¨ à áá¬®âà¥­¨¨ à á¯à¥¤¥«¥­­ëå áà¥¤,

­® â ª¦¥ ¨ ¯à¨ ®¯¨á ­¨¨ ¯à®æ¥áá®¢, ¯à®¨áå®¤ïé¨å ¢ á¨áâ¥¬ å, ¨¬¥îé¨å áãé¥áâ¢¥­­®

¤¨áªà¥â­ãî áâàãªâãàã ª ª ¯® ¯à®áâà ­áâ¢ã â ª ¨ ¯® ¢à¥¬¥­¨. � â ª¨¬ ¬®¤¥«ï¬ ­¥¯®-

áà¥¤áâ¢¥­­® ¯à¨¢®¤¨â àï¤ § ¤ ç â¥®à¨¨ á¨­åà®­¨§ æ¨¨ à ¤¨®£¥­¥à â®à®¢, ¡¨®«®£¨¨,

¬¥¤¨æ¨­ë,   â ª¦¥ ¨§ãç¥­¨¥ ¯®¢¥¤¥­¨ï ª«¥â®ç­ëå  ¢â®¬ â®¢ ¨ ­¥©à®­­ëå á¥â¥© [4]
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� § ¢¨á¨¬®áâ¨ ®â à §¬¥à­®áâ¨ ¨áå®¤­®© ¬®¤¥«¨àã¥¬®© á¨áâ¥¬ë à¥è¥âª¨ áæ¥¯«¥­-

­ëå ®â®¡à ¦¥­¨© ¬®£ãâ ¡ëâì ®¤­®¬¥à­ë¬¨, ¤¢ã¬¥à­ë¬¨ ¨«¨ âà¥å¬¥à­ë¬¨. � ¤ ­­®©

à ¡®â¥ ¨§ãç îâáï â®«ìª® ®¤­®¬¥à­ë¥ à¥è¥âª¨, â.¥. «¨­¥©­ë¥ æ¥¯®çª¨, ¯à¥¤áâ ¢«ïî-

é¨¥ á®¡®© á®¢®ªã¯­®áâì í«¥¬¥­â®¢ ¯® ®¯à¥¤¥«¥­­®¬ã § ª®­ã ¢§ ¨¬®¤¥©áâ¢ãîé¨¥ ¤àã£

á ¤àã£®¬.

Ǳà¨ ¯®áâà®¥­¨¨ à¥è¥â®ª á¢ï§ ­­ëå ®â®¡à ¦¥­¨© ¯à¥¦¤¥ ¢á¥£® ­¥®¡å®¤¨¬® ¢ë¡à âì

¢¨¤ ®â®¡à ¦¥­¨ï, ª®â®à®¥ § ¤¥â ¢à¥¬¥­­�ãî í¢®«îæ¨î ¢ ª ¦¤®¬ í«¥¬¥­â¥. � ª®© ¢ë-

¡®à ®â®¡à ¦¥­¨ï ®¯à¥¤¥«ï¥â «®ª «ì­®¥ ä §®¢®¥ ¯à®áâà ­áâ¢® X, ­  ª®â®à®¬ ¤¥©áâ¢ã¥â

¯à¥®¡à §®¢ ­¨¥ f : X ! X,

x 7�! f(x); x 2 X: (1)

� §®¢ë¬ ¯à®áâà ­áâ¢®¬ ¢á¥© à¥è¥âª¨ ï¢«ï¥âáï ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ ¢á¥å «®ª «ì­ëå

¯à®áâà ­áâ¢ ®â¤¥«ì­ëå í«¥¬¥­â®¢. � ®¤­®¬¥à­®¬ á«ãç ¥ ¢á¥ í«¥¬¥­âë ¬®¦­® à á¯®«®-

¦¨âì ­  ¯àï¬®© ¨ ¯à®­ã¬¥à®¢ âì ®¤­¨¬ ¨­¤¥ªá®¬. �®£¤  ä §®¢®¥ ¯à®áâà ­áâ¢® â ª®©

æ¥¯®çª¨, ¢ª«îç îé¥© N í«¥¬¥­â®¢, ¬®¦­® § ¯¨á âì ª ª X =
NN
i=1

Xi. � ª¨¬ ®¡à §®¬,

á®áâ®ï­¨¥ æ¥¯®çª¨ § ¤ ¥âáï ¢¥ªâ®à®¬ � = (x1; : : : ; xN ) 2 X .
�â®à®© ®á­®¢­®© § ¤ ç¥© ¯®áâà®¥­¨ï à¥è¥â®ª ®â®¡à ¦¥­¨© ï¢«ï¥âáï ®¯à¥¤¥«¥­¨¥

á¢ï§¥© ¬¥¦¤ã í«¥¬¥­â ¬¨. �áâ¥áâ¢¥­­®, çâ® á¢ï§ì ¤®«¦­  § ¤ ¢ âì ¢«¨ï­¨¥ §­ ç¥­¨©

í«¥¬¥­â®¢ ¢á¥© à¥è¥âª¨ ­  ¯®á«¥¤ãîé¨¥ §­ ç¥­¨ï ®â¤¥«ì­® ¢§ïâ®£® í«¥¬¥­â . � ®¤­®-

¬¥à­®¬ á«ãç ¥, â.¥. ¤«ï æ¥¯®ç¥ª, á¢ï§ì ¬®¦­® ®¯à¥¤¥«¨âì ®â®¡à ¦¥­¨¥¬:

xi 7�! g(x1; : : : ; xN ); i = 1; : : : ; N: (2)

� ª¨¬ ®¡à §®¬, ¤¨­ ¬¨ª  æ¥¯®çª¨ á¢ï§ ­­ëå ®â®¡à ¦¥­¨© ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­ 

¢ ¢¨¤¥ ª®¬¯®§¨æ¨¨ ¤¢ãå ®â®¡à ¦¥­¨© (1) ¨ (2). �®£¤  §  ®¤¨­ è £ ¯® ¢à¥¬¥­¨ §­ ç¥­¨¥

i-£® í«¥¬¥­â  ¡ã¤¥â ¨§¬¥­ïâìáï ¯® § ª®­ã

xi 7�! g
�
f(x1); : : : ; f(xN)

�
; i = 1; : : : ; N; (3)

  ¯®¢¥¤¥­¨¥ ¢á¥© æ¥¯®çª¨ à á¯ ¤ ¥âáï ­  ¢à¥¬¥­­�®¥, § ¤ ¢ ¥¬®¥ ®â®¡à ¦¥­¨¥¬ f(x), ¨

¯à®áâà ­áâ¢¥­­®¥, § ¤ ¢ ¥¬®¥ ¯à¥®¡à §®¢ ­¨¥¬ g(x1; : : : ; xN).

�®âï ¡®«ìè¨­áâ¢® à¥§ã«ìâ â®¢, ®â­®áïé¨åáï ª á¢ï§ ­­ë¬ ®â®¡à ¦¥­¨ï¬ ¯®«ãç¥­ë

¤«ï â ª®£® à §«®¦¥­¨ï, ¡ë«® ¡ë á®¢¥àè¥­­® ­¥¯à ¢¨«ì­® ãâ¢¥à¦¤ âì, çâ® íâ® ®£à -

­¨ç¥­¨¥ ï¢«ï¥âáï ®¡é¨¬. � ¯à¨¬¥à, ¯à¨ ¤¨áªà¥â¨§ æ¨¨ ¯® ¢à¥¬¥­¨ ­¥ª®â®àëå á¨áâ¥¬

á¢ï§ ­­ëå ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¨ ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®-

¨§¢®¤­ëå, ®¯¨áë¢ îé¨å à¥ «ì­ãî à á¯à¥¤¥«¥­­ãî áà¥¤ã, ¢®§­¨ª îâ á¨áâ¥¬ë ®â®¡à -

¦¥­¨©, í¢®«îæ¨ï ª®â®àëå ®¯à¥¤¥«ï¥âáï ¯à¥®¡à §®¢ ­¨¥¬

xi 7�! f(xi) + �g(x1; : : : ; xN); i = 1; : : : ; N; (4)

£¤¥ äã­ªæ¨ï f(x) ¯®-¯à¥¦­¥¬ã ®¯à¥¤¥«ï¥â ¢à¥¬¥­­�ãî ¤¨­ ¬¨ªã,   g(x1; : : : ; xN) § ¤ -

¥â ¨§¬¥­¥­¨¥ §­ ç¥­¨ï í«¥¬¥­â  xi ¢ § ¢¨á¨¬®áâ¨ ®â â¥ªãé¥£® á®áâ®ï­¨ï. Ǳà¨ â ª®¬

¯®¤å®¤¥ ¢à¥¬¥­­�®¥ ¨ ¯à®áâà ­áâ¢¥­­®¥ ¯à¥®¡à §®¢ ­¨ï ¤¥©áâ¢ãîâ ®¤­®¢à¥¬¥­­®.
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� «¨â¥à âãà¥, ¯®á¢ïé¥­­®© ¤ ­­®© â¥¬¥, ­ ¨¡®«¥¥ ¯®¯ã«ïà­ë¬¨ á¨áâ¥¬ ¬¨ ï¢«ï-

îâáï ®¤­®¬¥à­ë¥ æ¥¯®çª¨ ¤¨ääã§¨®­­® á¢ï§ ­­ëå ®â®¡à ¦¥­¨© [1-5]. �¨ääã§¨®­­ ï

á¢ï§ì ®§­ ç ¥â, çâ® á®áâ®ï­¨¥ í«¥¬¥­â®¢ ¨§¬¥­ï¥âáï «¨èì ¢ § ¢¨á¨¬®áâ¨ ®â §­ ç¥­¨©

¡«¨¦ ©è¨å á®á¥¤¥©. � íâ®¬ á«ãç ¥ ¤«ï æ¥¯®çª¨ ¢¨¤  (3) ¤¨­ ¬¨ª  § ¤ ¥âáï ®â®¡à ¦¥-

­¨¥¬ ¢ á«¥¤ãîé¥© ä®à¬¥:

xi 7�! f(xi; a) +
"

2

�
f(xi�1; a)� 2f(xi; a) + f(xi+1; a)

�
; (5)

£¤¥ "| ª®íää¨æ¨¥­â ¤¨ääã§¨¨. � àï¤¥ à ¡®â ¢ ª ç¥áâ¢¥ äã­ªæ¨¨ f(x; a) à áá¬ âà¨¢ -

«®áì ª¢ ¤à â¨ç­®¥ ¯à¥®¡à §®¢ ­¨¥ f(x; a) = 1�ax2 (á¬., ­ ¯à¨¬¥à, [1-4] ¨ ¯à¨¢¥¤¥­­ë¥

â ¬ ááë«ª¨). � § ¢¨á¨¬®áâ¨ ®â §­ ç¥­¨© ¯ à ¬¥âà®¢ a 2 [0; 4] ¨ " 2 [0; 1] ®­® ¬®¦¥â

¯à®ï¢«ïâì ®ç¥­ì è¨à®ª¨© á¯¥ªâà £«®¡ «ì­®£® ¯®¢¥¤¥­¨ï: ®â á¨­åà®­¨§ æ¨¨ ¢á¥å í«¥-

¬¥­â®¢, ¯à®áâà ­áâ¢¥­­®© ¨ ¢à¥¬¥­­�®© ¯¥à¨®¤¨ç¥áª®© ¤¨­ ¬¨ª¨, ¤® ¯à®áâà ­áâ¢¥­­®-

¢à¥¬¥­­®£® å ®á .

� àï¤ã á æ¥¯®çª ¬¨ ¤¨ääã§¨®­­® á¢ï§ ­­ëå ®â®¡à ¦¥­¨© ¢¨¤  (5) ç áâ® ¨áá«¥¤ã-

¥âáï ¯®¢¥¤¥­¨¥ ®â®¡à ¦¥­¨© ¢¨¤ 

xi 7�! f(xi; a) +
"

2
(xi�1 � 2xi + xi+1) ; (6)

£¤¥ x 2 [0; 1], a | ¯ à ¬¥âà ­¥«¨­¥©­®áâ¨ ¨ " | ª®íää¨æ¨¥­â ¢§ ¨¬®¤¥©áâ¢¨ï ¬¥¦¤ã

í«¥¬¥­â ¬¨. � ª®© ¢ë¡®à á¢ï§¨ ®§­ ç ¥â, çâ® ¢ ®â®¡à ¦¥­¨¨ (6)  ­ «®£¨ç­® ¯à¥®¡à -

§®¢ ­¨î (4) ¯à®áâà ­áâ¢¥­­®¥ ¨ ¢à¥¬¥­­®¥ ¤¥©áâ¢¨ï ¯à®¨áå®¤ïâ ®¤­®¢à¥¬¥­­®.

Ǳ®¬¨¬® ãª § ­­ëå ¢¨¤®¢ ¢§ ¨¬®¤¥©áâ¢¨ï ¨­®£¤  à áá¬ âà¨¢ ¥âáï â ª ­ §ë¢ ¥¬ ï

¯®â®ª®¢ ï ¬®¤¥«ì,  ¯¯à®ªá¨¬¨àãîé ï á¢®¡®¤­®¥ â¥ç¥­¨¥ ¦¨¤ª®áâ¨. � íâ®¬ á«ãç ¥ æ¥-

¯®çª  ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã ®¤­®áâ®à®­­¥ á¢ï§ ­­ëå ®â®¡à ¦¥­¨© [5-8]:

xi 7�! f(xi; a) + "
�
f(xi�1; a)� f(xi; a)

�
; (7)

£¤¥ f(x; a) § ¤ ¥â í¢®«îæ¨î ª ¦¤®£® í«¥¬¥­â  æ¥¯®çª¨. �«ï f(x; a) = 1� ax2 íâ® ¯à¥-

®¡à §®¢ ­¨¥ ¢ § ¢¨á¨¬®áâ¨ ®â §­ ç¥­¨© ¯ à ¬¥âà®¢ a ¨ " ¯à®ï¢«ï¥â è¨à®ª¨© á¯¥ªâà

¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­®£® ¯®¢¥¤¥­¨ï, ª ª®â®àë¬ ®â­®á¨âáï ¯à®áâà ­áâ¢¥­­ë© å ®á

¨ ¯¥à¨®¤¨ç­®áâì ¯® ¢à¥¬¥­¨, ¯à®áâà ­áâ¢¥­­ë¥ (¨ ¢à¥¬¥­­ë¥) ¯¥à¨®¤¨ç¥áª¨¥ ¨ ª¢ §¨-

¯¥à¨®¤¨ç¥áª¨¥ áâàãªâãàë,   â ª¦¥ ®¯à¥¤¥«¥­­ë¥ ¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­ë¥ ä®à¬ë.

� ç¨á«® ¯®á«¥¤­¨å ¢å®¤ïâ à §«¨ç­ë¥ ¢¨¤ë ®¡à §®¢ ­¨©: ®â ®â¤¥«ì­ëå áâàãªâãà, ®ªàã-

¦¥­­ëå å ®á®¬, ¤® à §¢¨â®© ¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­®© å ®â¨ç­®áâ¨.

�ç¥¢¨¤­®, çâ® ¤«ï «î¡®© æ¥¯®çª¨ ­¥®¡å®¤¨¬® ãª §ë¢ âì ¥¥ ¯®¢¥¤¥­¨¥ ­  £à ­¨æ¥.

� ¨¡®«¥¥ ç áâ® ¨áá«¥¤ã¥¬ë¬¨ á¨áâ¥¬ ¬¨ ï¢«ïîâáï á¢ï§ ­­ë¥ ®â®¡à ¦¥­¨ï á® á¢®¡®¤-

­ë¬¨ £à ­¨æ ¬¨ ¨«¨ ¯¥à¨®¤¨ç¥áª¨¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨. �¢®¡®¤­ë¥ £à ­¨ç­ë¥

ãá«®¢¨ï § ¤ îâáï á®®â­®è¥­¨ï¬¨ x0 = xN+1 � 0 (¨«¨ x0 � 0 ¤«ï á¨áâ¥¬ ¢¨¤  (7)). Ǳà¨

¯¥à¨®¤¨ç¥áª¨å £à ­¨ç­ëå ãá«®¢¨ïå ­¥®¡å®¤¨¬® ¯®«®¦¨âì xk = xN+k; k = 1; : : : ; N .
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�á«¨ ¯ à ¬¥âàë ®â®¡à ¦¥­¨© ¢ à¥è¥âª¥ à §«¨ç­ë, â® â ª ï á¨áâ¥¬  ã¦¥ ­¥ ¡ã¤¥â

®¤­®à®¤­®©, ¨ ¥¥ ¨áá«¥¤®¢ ­¨¥ ï¢«ï¥âáï ­ ¬­®£® ¡®«¥¥ á«®¦­®© § ¤ ç¥© [9]. Ǳà ªâ¨ç¥-

áª¨ ¢® ¢á¥å à ¡®â å, ¯®á¢ïé¥­­ëå ¨§ãç¥­¨î ¤¨ääã§¨®­­® ¢§ ¨¬®¤¥©áâ¢ãîé¨å ®â®¡à -

¦¥­¨©, ¨áá«¥¤ãîâáï (¨, ª ª ¯à ¢¨«®, â®«ìª® ç¨á«¥­­®) ®¤­®à®¤­ë¥ à¥è¥âª¨. �¤­ ª®,

®ç¥¢¨¤­®, á ä¨§¨ç¥áª®© â®çª¨ §à¥­¨ï ®¤­®à®¤­®áâì ¯à®áâà ­áâ¢  (¢ ¤ ­­®¬ á«ãç ¥

¨¤¥­â¨ç­®áâì ¢á¥å í«¥¬¥­â®¢ ¨«¨ §­ ç¥­¨© ¯ à ¬¥âà®¢ ¢ á®áâ ¢«ïîé¨å à¥è¥âªã í«¥-

¬¥­â å) | íâ® ¨¤¥ «¨§ æ¨ï, ¯à¨­ïâ ï ¤«ï ã¯à®é¥­¨ï  ­ «¨§ . Ǳ®íâ®¬ã ¯à¥¤áâ ¢«ï¥â

¡®«ìè®© ¨­â¥à¥á ®¯à¥¤¥«¨âì, ª ª ª ç¥áâ¢¥­­® ¡ã¤¥â ¨§¬¥­ïâìáï ¤¨­ ¬¨ª  á¨áâ¥¬ë ¯à¨

¯®ï¢«¥­¨¨ ­¥®¤­®à®¤­®áâ¥©. Ǳà¨ íâ®¬ ­¥®¤­®à®¤­®áâ¨ ¬®£ãâ ¡ëâì á ¬ë¥ à §«¨ç­ë¥:

®â ®â¤¥«ì­ëå ¤¥ä¥ªâ®¢ ¤® ¯¥à¨®¤¨ç¥áª®© ­¥®¤­®à®¤­®áâ¨ ¯® ¢á¥¬ã ¯à®áâà ­áâ¢ã. Ǳ®¤

¤¥ä¥ªâ ¬¨ ¢ ¤ ­­®© à ¡®â¥ ¯®­¨¬ ¥âáï ®â«¨ç¨¥ §­ ç¥­¨© ¯ à ¬¥âà®¢ ¢ ­¥ª®â®àëå í«¥-

¬¥­â å, á®áâ ¢«ïîé¨å à¥è¥âªã. �¥ª®â®àë¥ ¯à¨¬¥àë â ª¨å ­¥®¤­®à®¤­ëå à á¯à¥¤¥«¥­-

­ëå á¨áâ¥¬ à áá¬®âà¥­ë ¢ ¯®á«¥¤­¥© ç áâ¨ ¤ ­­®© à ¡®âë.

� ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥­¨ï à¥è¥âª¨ á¢ï§ ­­ëå ®â®¡à ¦¥­¨© á ª®­¥ç­ë¬ ç¨á-

«®¬ í«¥¬¥­â®¢ ¯à¥¤áâ ¢«ïîâ á®¡®© ¤¨­ ¬¨ç¥áªãî á¨áâ¥¬ã á ª®­¥ç­ë¬ ç¨á«®¬ áâ¥¯¥­¥©

á¢®¡®¤ë. �®à¬ «ì­® ¤«ï â ª¨å á¨áâ¥¬ à §à ¡®â ­ ¡®£ âë©  ¯¯ à â  ­ «¨â¨ç¥áª®£® ¨

ç¨á«¥­­®£® ¨áá«¥¤®¢ ­¨ï. �¤­ ª®, ¥á«¨ N ¤®áâ â®ç­® ¢¥«¨ª®, ¢ëç¨á«¥­¨¥ ®á­®¢­ëå

å à ªâ¥à¨áâ¨ª ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë «¨¡® ®ç¥­ì £à®¬®§¤ª®, «¨¡® ¢ ¯à¨­æ¨¯¥ ­¥¢®§-

¬®¦­®. �®«¥¥ â®£®, ¬­®£¨¥ ¢¥«¨ç¨­ë, ª®â®àë¥ ­¥®¡å®¤¨¬® à ááç¨â âì ¤«ï ¤¨­ ¬¨ç¥-

áª¨å á¨áâ¥¬ (¬¥âà¨ç¥áª ï í­âà®¯¨ï, á¯¥ªâà ¯®ª § â¥«¥© �ï¯ã­®¢ , áª®à®áâì ã¡ë¢ ­¨ï

¢à¥¬¥­­ëå ª®àà¥«ïæ¨© ¨ ¤à.) ®âà ¦ îâ å à ªâ¥à ¥¥  á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥­¨ï ¯à¨

t ! 1 ¨ ¢ æ¥«®¬ ¯® ¯à®áâà ­áâ¢ã [10,11]. �¤­ ª® ¤«ï á¨áâ¥¬ á¢ï§ ­­ëå ®â®¡à ¦¥­¨©

§­ ­¨¥ ãª § ­­ëå ¢¥«¨ç¨­ ­¥ ¯à¥¤áâ ¢«ï¥â §­ ç¨â¥«ì­®£® ¨­â¥à¥á . �®«¥¥ ¢ ¦­® ­ ©-

â¨ å à ªâ¥à¨áâ¨ª¨, ®¯à¥¤¥«ïîé¨¥ «®ª «ì­ë¥ á¢®©áâ¢  â ª¨å á¨áâ¥¬ ¨ ¨å í¢®«îæ¨î

¢® ¢à¥¬¥­¨. �ï¤  ¢â®à®¢ ¯à¥¤« £ «¨ á¯®á®¡ë ­ ¡«î¤¥­¨ï §  í¢®«îæ¨¥© à¥è¥â®ç­ëå

¬®¤¥«¥© ®â ¬¥â®¤®¢ ¢¨§ã «ì­®£®  ­ «¨§  ¤® à áç¥â  «®ª «ì­ëå ¯®ª § â¥«¥© �ï¯ã­®¢ 

(á¬., ­ ¯à¨¬¥à, [12,13] ¨ æ¨â¨àã¥¬ãî â ¬ «¨â¥à âãàã).

� ¤ ­­®© à ¡®â¥ à §¢¨¢ ¥âáï ­®¢ë© ¬¥â®¤  ­ «¨§  à¥è¥â®ª á¢ï§ ­­ëå ®â®¡à ¦¥­¨©,

¯®§¢®«ïîé¥© ®¯à¥¤¥«ïâì ¯®¢¥¤¥­¨¥ ®â¤¥«ì­ëå í«¥¬¥­â®¢ ¨ ¤¨­ ¬¨ªã ¢á¥© á¨áâ¥¬ë ¢

æ¥«®¬. �­ ¯®§¢®«ï¥â, ¢ ®â«¨ç¨¥ ®â ¤àã£¨å ¬¥â®¤®¢ ¨áá«¥¤®¢ âì «®ª «ì­®¥ ¯®¢¥¤¥­¨¥

®â¤¥«ì­ëå í«¥¬¥­â®¢ à á¯à¥¤¥«¥­­®© á¨áâ¥¬ë ¨ í¢®«îæ¨î £«®¡ «ì­®© ¤¨­ ¬¨ª¨ ¢á¥-

£® ä §®¢®£® ¯à®áâà ­áâ¢ . �¥â®¤ ®á­®¢ ­ ­  à §¡¨¥­¨¨ ¢á¥£® ¢à¥¬¥­­�®£® ¨­â¥à¢ « 

­  ª®à®âª¨¥ ®âà¥§ª¨ ¢à¥¬¥­¨, ­  ª®â®àëå ¯à®¢®¤¨âáï  ­ «¨§ áâ¥¯¥­¨ ­¥¯¥à¨®¤¨ç­®áâ¨

âà ¥ªâ®à¨© ¢á¥å í«¥¬¥­â®¢ à¥è¥âª¨. �â® ¤ ¥â ¢®§¬®¦­®áâì ®¯à¥¤¥«ïâì ®¡à §®¢ ­¨¥

®¡« áâ¥© á¨­åà®­¨§ æ¨¨, ¨å ¢à¥¬¥­­�®© ¯¥à¨®¤, âà ­áä®à¬ æ¨î á® ¢à¥¬¥­¥¬ ¨ à §àã-

è¥­¨¥ ¯ãâ¥¬ ¯à®áâà ­áâ¢¥­­®© ýå ®â¨§ æ¨¨þ. � ­­ ï à ¡®â  ï¢«ï¥âáï ¯à®¤®«¦¥­¨¥¬

¨áá«¥¤®¢ ­¨© ­¥®¤­®à®¤­ëå à¥è¥â®ª á¢ï§ ­­ëå ®â®¡à ¦¥­¨©, ­ ç âëå ¢ [9].
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2 �®ª «ì­ë© ªà¨â¥à¨© ¤¨­ ¬¨ª¨ á¢ï§ ­­ëå ®â®-

¡à ¦¥­¨©

�®âï ­ áâ®ïé ï à ¡®â  ¯®á¢ïé¥­  ¨áá«¥¤®¢ ­¨î ®¤­®¬¥à­ëå æ¥¯®ç¥ª á¢ï§ ­­ëå ®â®-

¡à ¦¥­¨©, ¯à¥¤áâ ¢«¥­­ë© ¢ ¤ ­­®© ç áâ¨ ¬¥â®¤ ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ­ ¤«ï ¨áá«¥-

¤®¢ ­¨ï ¨ ¬­®£®¬¥à­®£® á«ãç ï. Ǳ® ¯®áâà®¥­¨î, íâ®â ¬¥â®¤ ¯®§¢®«ï¥â  ­ «¨§¨à®¢ âì

á®áâ®ï­¨¥ í«¥¬¥­â  ¯à®áâà ­áâ¢  à á¯à¥¤¥«¥­­®© á¨áâ¥¬ë ­  ­¥ª®â®à®¬ ¬ «®¬ ®âà¥§ª¥

¢à¥¬¥­¨ ­  ®á­®¢¥ §­ ­¨ï ¢à¥¬¥­­�®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ ¤ ­­®© â®çª¥.

� ¯à®æ¥áá¥ ¢à¥¬¥­­�®© í¢®«îæ¨¨ §­ ç¥­¨ï ª ¦¤®£® í«¥¬¥­â  à¥è¥âª¨ ¢ ¯®á«¥¤®¢ -

â¥«ì­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ ®¡à §ãîâ ¢à¥¬¥­­®© àï¤:

x1i ; x
2
i ; x

3
i ; : : : ; x

n
i ; : : : (8)

£¤¥ i | ­®¬¥à í«¥¬¥­â ,   n | ¤¨áªà¥â­®¥ ¢à¥¬ï. �«ï â®£®, çâ®¡ë ¢ëï¢¨âì ¯¥à¨®-

¤¨ç­®áâì íâ®£® àï¤  ¨ ®¯à¥¤¥«¨âì ª ª ¨§¬¥­ï¥âáï áâ¥¯¥­ì ¯¥à¨®¤¨ç­®áâ¨ á® ¢à¥¬¥­¥¬,

­¥®¡å®¤¨¬®, ®ç¥¢¨¤­®, ¢§ïâì â®«ìª® ­¥ª®â®àë© ®âà¥§®ª íâ®£® àï¤  ¨ ¯®¯ëâ âìáï ¢ë-

ïá­¨âì ­ áª®«ìª® ¤ ­­ë© ®âà¥§®ª àï¤  ¡«¨§®ª ª ¯¥à¨®¤¨ç¥áª®¬ã. � §¡¨¢ ï ¢¥áì àï¤

­  ¯®¤®¡­ë¥ ­¥¡®«ìè¨¥ ®âà¥§ª¨ ®¤­®© ¤«¨­ë ¬ë ¯à®¨§¢®¤¨¬ ®¯à¥¤¥«¥­­®¥ ®£àã¡«¥­¨¥

¯® ¢à¥¬¥­¨. �­ «¨§¨àãï ¯¥à¨®¤¨ç­®áâì àï¤  ­  ª ¦¤®¬ â ª®¬ ®âà¥§ª¥ ¨ ¢ëà ¦ ï ¥¥

­¥ª®â®àë¬ ç¨á«®¬, ¬®¦­® ¯à®á«¥¤¨âì í¢®«îæ¨î ¤ ­­®© å à ªâ¥à¨áâ¨ª¨ ¯à¨ ¯¥à¥å®¤¥

®â ®¤­®£® ®âà¥§ª  ª ¤àã£®¬ã.

�¯¨è¥¬ â¥¯¥àì ¤ ­­ãî ¯à®æ¥¤ãàã ¡®«¥¥ ¯®¤à®¡­®. Ǳãáâì T | ª®«¨ç¥áâ¢® í«¥¬¥­-

â®¢ ¢ àï¤¥, â.¥. x1; x2; : : : ; xT (¤«ï ã¤®¡áâ¢  ¬ë ®¯ãáª ¥¬ ¨­¤¥ªá i ®¡®§­ ç îé¨© ¥£®

¯®«®¦¥­¨¥). � §®¡ì¥¬ ¥£® ­  ®¤¨­ ª®¢ë¥ ¢à¥¬¥­­�ë¥ ¨­â¥à¢ «ë � . �ë¡¥à¥¬ T ¨ � â ª,

çâ®¡ë T = k� , £¤¥ k | ­¥ª®â®à®¥ æ¥«®¥. �¥¯¥àì ¨áá«¥¤ã¥¬ ª ¦¤ë© ªãá®ª àï¤  ¤«¨­®© �

­  ¯¥à¨®¤¨ç­®áâì. �«ï íâ®£® á ª ¦¤ë¬ ®âà¥§ª®¬ àï¤  x1; : : : ; x� ¯à®¤¥« ¥¬ á«¥¤ãîéãî

¯à®æ¥¤ãàã:

1. �à ¢­¨¬ ¥£® á® á¯¥æ¨ «ì­® ¯®áâà®¥­­ë¬ àï¤®¬ x1; x1; x1 : : : ; x1, â.¥. â ª¨¬, ¢á¥

í«¥¬¥­âë ª®â®à®£® à ¢­ë x1. �¥§ã«ìâ â áà ¢­¥­¨ï ¢ëà §¨¬ ¢ ¢¨¤¥ ç¨á«  �1. �¯®á®¡

¢ëç¨á«¥­¨ï �1 ¡ã¤¥â ¯à¥¤áâ ¢«¥­ ­¨¦¥. �¥©ç á ¯®ª  ¤«ï ­ á ¢ ¦­®, çâ®¡ë �1 ®¡« -

¤ «® á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ç¥¬ �1 ¬¥­ìè¥, â¥¬ ®âà¥§®ª àï¤  ¡«¨¦¥ ª ¯®áâà®¥­­®¬ã

x1; x1; x1 : : : ; x1.

2. �à ¢­¨¬ ¨áª®¬ë© àï¤ á àï¤®¬ x1; x2; x1; x2; : : : ; x1; x2; : : :, â.¥. á á®áâ®ïé¨¬ ¨§ ¯¥-

à¨®¤¨ç¥áª¨å ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¥© ¯¥à¨®¤  2. �¥§ã«ìâ â ¢ëà §¨¬ ç¨á«®¬ �2.

3. Ǳà®¤¥« ¥¬  ­ «®£¨ç­ãî ®¯¥à æ¨î ¤«ï àï¤®¢, á®áâ ¢«¥­­ëå ¨§ âà¥å í«¥¬¥­â®¢

x1; x2; x3, ç¥âëà¥å í«¥¬¥­â®¢ x1; x2; x3; x4 ¨ â.¤. ¢¯«®âì ¤® x1; x2; : : : ; x�=2 . �¥§ã«ìâ âë

áà ¢­¥­¨ï â ª¦¥ ¢ëà §¨¬ ç¨á« ¬¨ �3; �4; : : : ; ��=2, ª®â®àë¥ ¢­®¢ì ¡ã¤ãâ ®âà ¦ âì ­¥ª®-

â®àãî áâ¥¯¥­ì ®âª«®­¥­¨ï ¨áá«¥¤ã¥¬®£® àï¤  (8) ®â ¬®¤¥«ì­®£®, á®áâ ¢«¥­­®£® ¨§ ®â-

¤¥«ì­ëå ¯®á«¥¤®¢ â¥«ì­ëå ¥£® í«¥¬¥­â®¢.
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4. � ©¤¥¬ ¢¥«¨ç¨­ã

� � �min = minf�1; �2; : : : ; ��=2g: (9)

� ®¡é¥¬ ¢¨¤¥ áà ¢­¨â¥«ì­ë© ¯®ª § â¥«ì �p ¤«ï ª ¦¤®£® p = 1; : : : ; �=2 ¢ëç¨á«ï¥âáï

ª ª

�p =

vuuuut
�P

i+1

�
xi � xi mod (p+1)

�2

� � p
(10)

�¥£ª® ¢¨¤¥âì, çâ® �p | íâ® áà¥¤­¥ª¢ ¤à â¨ç­®¥ ®âª«®­¥­¨¥ í«¥¬¥­â®¢ ®áâ âª  ¨áå®¤­®-

£® àï¤  xp+1; : : : ; x� ®â ¬®¤¥«ì­®£® ¯¥à¨®¤¨ç¥áª®£® àï¤  x1; x2; : : : ; xp; x1; x2; : : : ; xp; : : : .

�®£« á­® (10) ¯à¨ ª ¦¤®¬ p ¢ë¯®«­ï¥âáï �p � 0. �á­®, çâ® ¥á«¨ ¤«ï ­¥ª®â®à®£® p ¨¬¥¥â

¬¥áâ® à ¢¥­áâ¢® �min = �p = 0, â® àï¤ x1; : : : ; x� ï¢«ï¥âáï ¯¥à¨®¤¨ç¥áª¨¬ á ¯¥à¨®¤®¬,

ªà â­ë¬ p. �â®¡ë â®ç­® ®¯à¥¤¥«¨âì ¯¥à¨®¤ ¨áå®¤­®£® àï¤ , ­¥®¡å®¤¨¬® ®áâ ­®¢¨âì

¯à®æ¥¤ãàã ¢ëç¨á«¥­¨ï ¯®ª § â¥«¥© �p ­  ¯¥à¢®¬ §­ ç¥­¨¨ p, ¯à¨ ª®â®à®¬ �p ' 0. �á-

«¨, ®¤­ ª®, ¢ ¯à®æ¥áá¥ ¢ëç¨á«¥­¨ï ¯®«ãç¨¬ � = minf�1; �2; : : : ; ��=2g > 0, â® ¬®¦­® á

®¯à¥¤¥«¥­­®áâìî áª § âì, çâ® àï¤ x1; : : : ; x� ­¥ ¡ã¤¥â ¯¥à¨®¤¨ç¥áª¨¬. �­ ç¥­¨¥ p, ­ 

ª®â®à®¬ ¤®áâ¨£ ¥âáï ¤ ­­ë© ¬¨­¨¬ã¬, ¬®¦­® ­ §¢ âì ¯¥à¨®¤®¬, ª®â®àë© ¯à¨¡«¨¦ ¥â

¤ ­­ë©  ¯¥à¨®¤¨ç¥áª¨© àï¤. � ááç¨â ¢ §­ ç¥­¨ï � ¤«ï ®â¤¥«ì­ëå ®âà¥§ª®¢ ¢¥«¨ç¨­ë

� , ¬®¦­® ¯à®á«¥¤¨âì ¨å ¤¨­ ¬¨ªã ­  ¢á¥¬ ¯à®¬¥¦ãâª¥ ¤«¨­ë T . �ëç¨á«ïï � ¨ ¯¥-

à¨®¤ë, ­  ª®â®àëå ¤®áâ¨£ ¥âáï ¬¨­¨¬ã¬, ¤«ï ¢á¥å â®ç¥ª æ¥¯®çª¨, ¬®¦­® íää¥ªâ¨¢­®

¢ëï¢«ïâì ®¡« áâ¨ á¨­åà®­¨§ æ¨¨ ¢ ¯à®áâà ­áâ¢¥ à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë áæ¥¯«¥­-

­ëå ®â®¡à ¦¥­¨© ¨ ¤¨­ ¬¨ªã ®â¤¥«ì­ëå í«¥¬¥­â®¢.

�¥£ª® ¯®­ïâì, çâ® ¯à¥¤« £ ¥¬ë© ¬¥â®¤  ­ «¨§  à¥è¥â®ª á¢ï§ ­­ëå ®â®¡à ¦¥­¨©,

áâ®à®£® £®¢®àï, ­¥ ï¢«ï¥âáï â®ç­ë¬. �®-¯¥à¢ëå, ­¥®¡å®¤¨¬® ã¤ ç­® ¢ë¡à âì §­ ç¥­¨¥

� , â.¥. ¤«¨­ã  ­ «¨§¨àã¥¬®£® ®âà¥§ª . �â® ¬®¦­® á¤¥« âì, ¢ëç¨á«ïï ­ ¡®àë �p ¤«ï

à §«¨ç­ëå � , ¢ëï¢¨¢ â ª¨¬ ®¡à §®¬ ­ ¨¡®«¥¥ ¯®¤å®¤ïé¥¥ §­ ç¥­¨¥ � . �àã£¨¬ ­¥¤®-

áâ âª®¬ ï¢«ï¥âáï â®â ä ªâ, çâ® ¯®ª § â¥«ì �min ¡ã¤¥â ¯®«®¦¨â¥«ì­ë¬ ¤«ï í«¥¬¥­â®¢,

¤¨­ ¬¨ª  ª®â®àëå ª¢ §¨¯¥à¨®¤¨ç­ . �¥¬ ­¥ ¬¥­¥¥ ®­ ¡ã¤¥â ¤®áâ â®ç­® ¡«¨§®ª ª ­ã«î,

â ª ª ª ª¢ §¨®¯¥à¨®¤¨ç¥áª®¥ ¤¢¨¦¥­¨¥ ¬®¦­® áª®«ì ã£®¤­® â®ç­® ¯à¨¡«¨§¨âì ¯¥à¨®-

¤¨ç¥áª¨¬. �¤­ ª® ¯®áª®«ìªã ­ á ¨­â¥à¥áã¥â ª ç¥áâ¢¥­­ ï ª àâ¨­  à á¯à¥¤¥«¥­¨ï �min

  ­¥ ª®­ªà¥â­ë¥ §­ ç¥­¨ï, â® ¤ ­­ë© ­¥¤®áâ â®ª ­¥ ï¢«ï¥âáï áâ®«ì áãé¥áâ¢¥­­ë¬.

3 Ǳà¨¬¥àë ®¤­®à®¤­ëå á¨áâ¥¬

Ǳà®¤¥¬®­áâà¨àã¥¬ íää¥ªâ¨¢­®áâì ¯à¥¤«®¦¥­­®£® ¬¥â®¤  ­  ­¥ª®â®àëå å®à®è® ¨§¢¥áâ-

­ëå ¯à¨¬¥à å.
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3.1 Ǳ®â®ª®¢ ï ¬®¤¥«ì

� ª ç¥áâ¢¥ ¯¥à¢®© á¨áâ¥¬ë ¨áá«¥¤ã¥¬ à §«¨ç­ë¥ ¢¨¤ë ¤¨­ ¬¨ª¨ ¯®â®ª®¢®© ¬®¤¥«¨ (7).

� ª ã¦¥ ã¯®¬¨­ «®áì, æ¥¯®çª  (7) ®¡« ¤ ¥â è¨à®ª¨¬ á¯¥ªâà®¬ à §«¨ç­ëå à¥¦¨¬®¢

¯®¢¥¤¥­¨ï ¢ § ¢¨á¨¬®áâ¨ ®â áâ¥¯¥­¨ ­¥«¨­¥©­®áâ¨, § ¤ ¢ ¥¬®© ¯ à ¬¥âà®¬ a, ¨ §­ ç¥-

­¨¥¬ ª®íää¨æ¨¥­â  ¤¨ääã§¨¨ ". �®«¥¥ â®£®, ¬®¦­®  ­ «¨â¨ç¥áª¨ ¢ëç¨á«¨âì ­ ¨¡®«¥¥

¯à®áâë¥ ¢¨¤ë ¯à¥¤¥«ì­®£® ¯®¢¥¤¥­¨ï. �áâ ­®¢¨¬áï ­  íâ®¬ ¯®¤à®¡­¥¥.

�áá«¥¤ã¥¬ãî ¬®¤¥«ì ¬®¦­® ¢ëà §¨âì ¢ ¢¨¤¥ ¨â¥à æ¨®­­®£® á®®â­®è¥­¨ï:

xin+1 = f(xin; a) + "
�
f(xi�1n ; a)� f(xin; a)

�
; i = 1; : : : ; N; (11)

£¤¥ n | ¤¨áªà¥â­®¥ ¢à¥¬ï, i | ¯à®áâà ­áâ¢¥­­ ï ª®®à¤¨­ â . Ǳãáâì f(x; a) = 1� ax2,

  ª ç¥áâ¢¥ £à ­¨ç­ëå ãá«®¢¨© ¢®§ì¬¥¬ x0 � 0, å®âï ª®­ªà¥â­®¥ §­ ç¥­¨¥ ­¥ ¢«¨ï¥â ­ 

à¥§ã«ìâ âë ª ç¥áâ¢¥­­®£® ¨áá«¥¤®¢ ­¨ï.

�¡é¥¥ á®áâ®ï­¨¥ á¨áâ¥¬ë (11) ¢ ¬®¬¥­â ¢à¥¬¥­¨ n, ®ç¥¢¨¤­®, § ¤ ¥âáï N -¬¥à­ë¬

¢¥ªâ®à®¬ �n = (x1n; x
2
n; : : : ; x

N
n ). �«¥¤®¢ â¥«ì­®, ¤¨­ ¬¨ª  ¢á¥© æ¥¯®çª¨ ¢ëà ¦ ¥âáï

­¥ª®â®àë¬ ¯à¥®¡à §®¢ ­¨¥¬ ä §®¢®£® ¯à®áâà ­áâ¢  X ¢ á¥¡ï: F : X 7! X , �n+1 = F (�n).

�§ ¯®áâà®¥­¨ï ¬®¤¥«¨ ïá­®, çâ® F = g Æ f (á¬. (1) ¨ (2)). �®à¬ «ì­® (á¬. ¢ëè¥) à¥-

è¥âª  (11) ï¢«ï¥âáï ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬®© á ¤¨áªà¥â­ë¬ ¢à¥¬¥­¥¬ ¨ N áâ¥¯¥­ï¬¨

á¢®¡®¤ë. �«¥¤®¢ â¥«ì­®, ¨§ãç¥­¨¥ ãáâ®©ç¨¢ëå áâ æ¨®­ à­ëå ¨ ¯¥à¨®¤¨ç¥áª¨å á®áâ®ï-

­¨© á¢®¤¨âáï ª  ­ «¨§ã á¯¥ªâà  á®¡áâ¢¥­­ëå §­ ç¥­¨© ¬ âà¨æë �ª®¡¨ DF ¨ ¥¥ áâ¥¯¥­¥©

DF (p), £¤¥ p | §­ ç¥­¨¥ ¨áá«¥¤ã¥¬®£® ¯¥à¨®¤ . � ª ª ª ¢ ¤ «ì­¥©è¥¬ ­ ¬ ¯®­ ¤®¡¨âáï

¢ëà ¦¥­¨¥ ¤«ï ¬ âà¨æë DF , ¢ë¯¨è¥¬ ¥£® ï¢­®:

DF (�) =

0
BBBBBBBBBBBBBBBBBBBBB@

�(1� ")2ax1 0 0 : : : 0

" �(1� ")2ax2 0 : : : 0

0 " �(1� ")2ax3 : : : 0

0 0 " : : : 0

...
...

...
. . .

...

0 0 0 : : : �(1� ")2axN

1
CCCCCCCCCCCCCCCCCCCCCA

(12)

� ¬¥â¨¬, çâ® ¬ âà¨æ  DF ï¢«ï¥âáï âà¥ã£®«ì­®©. �âáî¤  á«¥¤ã¥â â®, çâ® ¢á¥ ¥¥ áâ¥¯¥­¨

DF (p) â ª¦¥ ï¢«ïîâáï âà¥ã£®«ì­ë¬¨ ¬ âà¨æ ¬¨.

�ëç¨á«¨¬ â¥¯¥àì ®¤­®à®¤­ë¥ áâ æ¨®­ à­ë¥ á®áâ®ï­¨ï ¬®¤¥«¨ (7). �¤­®à®¤­®áâì

®§­ ç ¥â, çâ® ¯à¨ «î¡®¬ i = 1; : : : ; N ¢ë¯®«­ï¥âáï xin = x�n,   áâ æ¨®­ à­®áâì ¢ëà ¦ ¥â

­¥§ ¢¨á¨¬®áâì ®¤­®à®¤­®£® á®áâ®ï­¨ï ®â ¢à¥¬¥­¨, â.¥. xin = x�n � x�. �«¥¤®¢ â¥«ì­®,

§­ ç¥­¨ï x� ¤®«¦­ë ¯®¤ç¨­ïâáï ãá«®¢¨î:

x� = f(x�; a) + "(f(x�; a)� f(x�; a)) = f(x�; a): (13)
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�­ë¬¨ á«®¢ ¬¨, x� | íâ® ­¥¯®¤¢¨¦­ë¥ â®çª¨ ®â®¡à ¦¥­¨ï, § ¤ ¢ ¥¬®£® f(x; a):

x�1;2 =
�1�p1 + 4a

2a
: (14)

� ª¨¬ ®¡à §®¬, á¨áâ¥¬  (7) ®¡« ¤ ¥â ¤¢ã¬ï ®¤­®à®¤­ë¬¨ á®áâ®ï­¨ï¬¨: �1 = (x�1; x
�

1; : : : ; x
�

1)

¨ �2 = (x�2; x
�

2; : : : ; x
�

2). �å ãáâ®©ç¨¢®áâì ®¯à¥¤¥«ï¥âáï ¢¥«¨ç¨­ ¬¨ á®¡áâ¢¥­­ëå §­ ç¥­¨©

¬ âà¨æ DF (�1) ¨ DF (�2). Ǳ®áª®«ìªã DF (�) | âà¥ã£®«ì­ ï ¬ âà¨æ , â® ¨§ (12) ­ ©¤¥¬,

çâ® ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �i � �1 = �(1 � ")2ax�1 ¤«ï �1, ¨ �i � �1 = �(1 � ")2ax�2
¤«ï �2. �®áâ®ï­¨ï �1 ¨ �2 ãáâ®©ç¨¢ë ¥á«¨ j�1;2j � 1: �«¨

�1 < �(1� ")2ax�1 < 1;

�1 < �(1� ")2ax�2 < 1:
(15)

Ǳ®¤áâ ­®¢ª  x�1 x
�

2 ¯à¨¢®¤¨â ª á®®â­®è¥­¨ï¬ ¬¥¦¤ã ¯ à ¬¥âà ¬¨ a ¨ ":

1� 1

1 +
p
1 + 4a

< " < 1 +
1

1 +
p
1 + 4a

¤«ï x�1;

1� 1p
1 + 4a� 1

< " < 1 +
1p

1 + 4a� 1
¤«ï x�2:

(16)

�«ï " 2 [0; 1] ¨ a 2 [0; 2] à¥§ã«ìâ â ¢ëç¨á«¥­¨ï ®¡« áâ¥© (16) ¯à¥¤áâ ¢«¥­ ­  à¨á. 1.

�¡« áâ¨, ®¡®§­ ç¥­­ë¥ S1 ¨ S2, á®®â¢¥âáâ¢ãîâ ãáâ®©ç¨¢ë¬ â®çª ¬ x�1 ¨ x�2.

�¥¯®çª  á¢ï§ ­­ëå ®â®¡à ¦¥­¨© (7) ®¡« ¤ ¥â ¢ è¨à®ª®¬ ¤¨ ¯ §®­¥ ¯ à ¬¥âà®¢

(a; ") ¥é¥ ®¤­¨¬ § ¬¥ç â¥«ì­ë¬ â¨¯®¬ ¯¥à¨®¤¨ç¥áª®£® ¯®¢¥¤¥­¨ï. � ®¡« áâ¨ §­ ç¥-

­¨© a 2 [1; 6; 2; 0] ¤¨­ ¬¨ª  ¢á¥© á¨áâ¥¬ë ¯à®ï¢«ï¥â â ª ­ §ë¢ ¥¬®¥ §¨£§ £®®¡à §­®¥

¤¢¨¦¥­¨¥, ¯à¨ ª®â®à®¬ ¯®¢¥¤¥­¨¥ ¢á¥å í«¥¬¥­â®¢ («¨¡® ¡®«ìè¨­áâ¢  ¨§ ­¨å) ®¡« ¤ ¥â

æ¨ª«¨ç­®áâìî ¯¥à¨®¤  2 ª ª ¯® ¯à®áâà ­áâ¢ã â ª ¨ ¯® ¢à¥¬¥­¨. �à ¥ªâ®à¨¨ ®â¤¥«ì­ëå

â®ç¥ª ¯à¨ â ª®¬ ¯®¢¥¤¥­¨¨ ï¢«ï¥âáï 2-¯¥à¨®¤¨ç¥áª¨¬¨, ­® á®á¥¤­¨¥ í«¥¬¥­âë ®áæ¨«-

«¨àãîâ ¢ ¯à®â¨¢®ä §¥.

Ǳà® ­ «¨§¨àã¥¬ ¯®¤®¡­®¥ á®áâ®ï­¨¥  ­ «¨â¨ç¥áª¨. Ǳ¥à¨®¤ 2 ¢ ª ¦¤®¬ í«¥¬¥­â¥

¢ëà ¦ ¥âáï ¤¢ã¬ï §­ ç¥­¨ï¬¨ x1 ¨ x2. �¨ª«¨ç­®áâì ¯® ¯à®áâà ­áâ¢ã ¨ ¯® ¢à¥¬¥­¨

®âà ¦ îâ á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

8><
>:

x2 = (1� ")f(x1) + "f(x2);

x1 = (1� ")f(x2) + "f(x1);
(17)

£¤¥ ¤«ï ã¤®¡áâ¢  ¨­ ç¥ ¯¥à¥¯¨á ­  ¯à ¢ ï ç áâì á¨áâ¥¬ë (7). �¥è ï á®®â­®è¥­¨ï (17)

¨ ¨áª«îç ï ¯à¨ íâ®¬ ®¤­®à®¤­ë¥ á®áâ®ï­¨ï x1 = x2, ¯®«ãç¨¬:

x1;2 =
1�

q
4(1� 2")2a + 4"� 3

2(1� 2")a
: (18)
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�áâ®©ç¨¢®áâì ­ ©¤¥­®£® ¯¥à¨®¤¨ç¥áª®£® á®áâ®ï­¨ï ¬®¦­® ®¯à¥¤¥«¨âì ¨§  ­ «¨§  á®¡-

áâ¢¥­­ëå §­ ç¥­¨© ¯à®¨§¢¥¤¥­¨ï ¬ âà¨æ DF (�̂1)DF (�̂2), £¤¥ DF ®¯à¥¤¥«ï¥âáï (12),  

�̂1 = (x1; x2; : : : ; x1; x2; : : :), �̂2 = (x2; x1; : : : ; x2; x1; : : :). �ç¥¢¨¤­®, ¯à®¨§¢¥¤¥­¨¥ âà¥ã£®«ì-

­ëå ¬ âà¨æ DF (�̂1) ¨ DF (�̂2) | âà¥ã£®«ì­ ï ¬ âà¨æ  DF 2. �  ¤¨ £®­ «¨ DF 2 à á-

¯®«®¦¥­ë ¯à®¨§¢¥¤¥­¨ï ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ ¬ âà¨æ DF (�̂1) ¨ DF (�̂2). Ǳ®íâ®¬ã

á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï DF 2 ¬®¦­® § ¯¨á âì ª ª

�i � � = (1� ")2f 0(x1)f
0(x2) = (1� ")24a2x1x2:

�âáî¤ , á ãç¥â®¬ (18), ­ ©¤¥¬

� =
4(1� ")2

(1� 2")2
� 4(1� ")2a:

�ª®­ç â¥«ì­® ¤«ï ¯®áâà®¥­¨ï ®¡« áâ¨, £¤¥ ­ ¡«î¤ ¥âáï §¨£§ £®®¡à §­®¥ ¯®¢¥¤¥­¨¥

(x1; x2), ­¥®¡å®¤¨¬® ãç¥áâì á¨áâ¥¬ã ­¥à ¢¥­áâ¢

8><
>:

4(1� 2")2a+ 4"� 3 � 0;

�1 < � < 1;
(19)

®âà ¦ îéãî ãá«®¢¨ï ¥£® áãé¥áâ¢®¢ ­¨ï ¨ ãáâ®ç¨¢®áâ¨. �ëç¨á«¥­¨¥ á ãç¥â®¬ ¤®¯®«-

­¨â¥«ì­ëå ®£à ­¨ç¥­¨© ­  ¯ à ¬¥âàë (a 2 [0; 2] " 2 [0; 1]) ¯à¨¢®¤¨â ª á«¥¤ãîé¥¬ã

á®®â­®è¥­¨î:
8>>>>><
>>>>>:

4(1� ")3 � (1� 2")2

4(1� ")2(1� 2")2
< a <

4(1� ")3 + (1� 2")2

4(1� ")2(1� 2")2
;

a � 3� 4"

4(1� 2")2
:

(20)

�¥§ã«ìâ â ¯®áâà®¥­¨ï ®¡« áâ¨ (20) ¯®ª § ­ ­  à¨á. 1, £¤¥ ®¡®§­ ç¥­ ç¥à¥§ Z. � ª á«¥¤ã¥â

¨§ íâ®£® à¨áã­ª , ®¡« áâì Z ¬®¦¥â ¯¥à¥ªàë¢ âìáï á ®¡« áâï¬¨ S1 ¨ S2 áãé¥áâ¢®¢ ­¨ï

ãáâ®©ç¨¢ëå â®ç¥ª. �â® ®§­ ç ¥â, çâ® ¯à¨ ­¥ª®â®àëå ä¨ªá¨à®¢ ­­ëå §­ ç¥­¨ïå ¯ à -

¬¥âà®¢ a ¨ " ¨§ ®¡« áâ¥© ¯¥à¥á¥ç¥­¨ï ¯à¥¤¥«ì­®¥ á®áâ®ï­¨¥ æ¥¯®çª¨ (11) § ¢¨á¨â ®â

­ ç «ì­®£® à á¯à¥¤¥«¥­¨ï fxi0gNi=1. �¨­ ¬¨ªã â ª¨å æ¥¯®æ¥ª ­ §ë¢ îâ ¬ã«ìâ¨áâ ¡¨«ì-
­®©.

�® ¢á¥å ¢ëç¨á«¥­¨ïå áâ æ¨®­ à­ëå ¨ ¯¥à¨®¤¨ç¥áª¨å á®áâ®ï­¨© ¨ ¨å ãáâ®©ç¨¢®áâ¨

(á¬. (13), (15), (17) ¨ (19)) ­¥ ãç¨âë¢ «®áì §­ ç¥­¨¥ £à ­¨ç­®£® ãá«®¢¨ï x0 � 0. �­ ç¥

£®¢®àï, ¢á¥ à¥§ã«ìâ âë ¡ë«¨ ¯®«ãç¥­ë ¢ ®âáãâáâ¢¨¥ £à ­¨æë, â.¥. ¯à¨ N !1. �¤­ ª®

®­¨ å®à®è® ®âà ¦ îâ ª ç¥áâ¢¥­­ãî ª àâ¨­ã ¤¨­ ¬¨ª¨ æ¥¯®çª¨ (7) ¨ ­ ¡«î¤ îâáï

¯à¨ ç¨á«¥­­®¬ ¬®¤¥«¨à®¢ ­¨¨. �®«¥¥ â®£®, ¢ ¤ ­­®¬ ª®­â¥ªáâ¥ ¬®¦­® áª § âì, çâ®

£à ­¨ç­®¥ ãá«®¢¨¥ ï¢«ï¥âáï ­¥ª®â®àë¬ ¢­¥è­¨¬ ¯®áâ®ï­­ë¬ ¢®§¬ãé¥­¨¥¬ á¢ï§ ­­ëå

®â®¡à ¦¥­¨©, ª®â®à®¥ ª®àà¥ªâ¨àã¥â ¤¨­ ¬¨ªã ¯à¥¤¥«ì­®£® á®áâ®ï­¨ï.
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Ǳà¨ ¡®«ìè®© à §¬¥à­®áâ¨ N ¯®¢¥¤¥­¨¥ á¨áâ¥¬ë ï¢«ï¥âáï áãé¥áâ¢¥­­® ¬ã«ìâ¨áâ -

¡¨«ì­ë¬. �â® ¢ëà ¦ ¥âáï ¢ â®¬, çâ® ¤¨­ ¬¨ª  âà ¥ªâ®à¨¨ á¨«ì­® § ¢¨á¨â ®â ®¡« áâ¨,

¨§ ª®â®à®© ¡ë«® ¢ë¡à ­® ­ ç «ì­®¥ ãá«®¢¨¥ (x10; x
2
0; : : : ; x

N
0 ). �­ «¨§ ãáâ®©ç¨¢ëå à¥-

è¥­¨© ¯à®¢¥¤¥­­ë© ¢ëè¥, ­¨ª ª ­¥ ®âà ¦ ¥â á®®â¢¥âáâ¢ãîé¨å ®¡« áâ¥© ¯à¨âï¦¥­¨ï.

Ǳ®íâ®¬ã ¢ëå®¤ ­  íâ¨ á®áâ®ï­¨ï ¤ ¦¥ ¯à¨ â®ç­®¬ ¢ëç¨á«¥­¨¨ (á ãç¥â®¬ £à ­¨ç­ëå

ãá«®¢¨©) ¬®¦¥â ¡ëâì § âàã¤­¨â¥«ì­ë¬.

�ç¥¢¨¤­®, ¡®£ âáâ¢® ¢®§¬®¦­ëå à¥¦¨¬®¢ ¯®¢¥¤¥­¨ï á¨áâ¥¬ë (7) ®â­î¤ì ­¥ ®£à ­¨-

ç¨¢ ¥âáï à¥è¥­¨ï¬¨ (14) ¨ (18). �«ï ¨««îáâà æ¨¨ à §­®®¡à §¨ï ¤¨­ ¬¨ª¨ æ¥¯®çª¨ (14)

á f(x; a) = 1 � ax2 ¯à¨¢¥¤¥¬ à¥§ã«ìâ âë ç¨á«¥­­ëå íªá¯¥à¨¬¥­â®¢ ¤ ­­®© ¬®¤¥«¨ ­ 

®á­®¢¥ ªà¨â¥à¨ï, ®¯¨á ­­®£® ¢ x2.
1. a = 1; 7; " = 0; 45.

� æ¥¯®çª¥ ­ ¡«î¤ ¥âáï ¢à¥¬¥­­� ï ¯¥à¨®¤¨ç­®áâì ¨ ã¤¢®¥­¨¥ ¯¥à¨®¤  ¯à¨ ¯¥à¥-

¤¢¨¦¥­¨¨ ®â í«¥¬¥­â  ª í«¥¬¥­âã á«¥¢  ­ ¯à ¢®. Ǳà¨ íâ®¬ ®¤­ ª®, §­ ç¥­¨ï í«¥-

¬¥­â®¢ xi à á¯à¥¤¥«¥­ë å ®â¨ç¥áª¨ ¢ ¯à®áâà ­áâ¢¥. �â® ¨««îáâà¨àã¥â à¨á.2, £¤¥

á«¥¢  ¯®ª § ­ë §­ ç¥­¨ï ¯®ª § â¥«ï � ¢ § ¢¨á¨¬®áâ¨ ®â ­®¬¥à  í«¥¬¥­â  (£®-

à¨§®­â «ì­ ï ®áì) ¨ ¢à¥¬¥­¨ ¢ ¬ áèâ ¡¥ � (¢¥àâ¨ª «ì­ ï ®áì),   á¯à ¢  | á®-

®â¢¥âáâ¢ãîé¥¥ §­ ç¥­¨¥ ¯¥à¨®¤®¢ p. �¥¬ ¬¥­ìè¥ §­ ç¥­¨ï ¢¥«¨ç¨­ � ¨ p, â¥¬

â¥¬­¥¥ á®®â¢¥âáâ¢ãîé ï â®çª  ­  £à ä¨ª¥. � ¬ë¬ â¥¬­ë¬ â®çª ¬ ¤¨ £à ¬¬ë

¤«ï � á®®â¢¥âáâ¢ã¥â � = 0. �¥£ª® ¢¨¤¥âì, çâ® §­ ç¥­¨ï � ¤«ï ¢á¥å í«¥¬¥­â®¢ ¨ ¢®

¢á¥ ¬®¬¥­âë ¢à¥¬¥­¨ ­ã«¥¢ë¥,   §­ ç¥­¨ï ¯¥à¨®¤®¢ ¯à¨ íâ®¬ ã¤¢ ¨¢ îâáï á«¥-

¢  ­ ¯à ¢® ¢¯«®âì ¤® p = 32. �«ï  ­ «¨§  ¯à®áâà ­áâ¢¥­­®© ª àâ¨­ë ­  à¨á.2

â ª¦¥ ¯®ª § ­ë ¢¥«¨ç¨­ë xi ¢ ­¥ª®â®àë¥ ¯®á«¥¤®¢ â¥«ì­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨.

�­âã¨â¨¢­® ïá­®, çâ® ¢ ¤ ­­®© æ¥¯®çª¥ ­ ¡«î¤ ¥âáï ¯à®áâà ­áâ¢¥­­ë© å ®á. �®-

«¥¥ áâà®£® íâ® ¬®¦­® ¯®¤â¢¥à¤¨âì ­  ®á­®¢¥  ­ «¨§  áâ æ¨®­ à­ëå á®áâ®ï­¨©

¯à¨ ¯®¬®é¨ á¯¥æ¨ «ì­® ¯®áâà®¥­­®£® ®â®¡à ¦¥­¨ï (á¬. [5]). �®«¥¥ ¤¥â «ì­®¥ ¨á-

á«¥¤®¢ ­¨¥ â ª®£® á®áâ®ï­¨ï ¯®ª § «®, çâ® §­ ç¥­¨¥ ¬ ªá¨¬ «ì­®£® ¯¥à¨®¤ , ¤®

ª®â®à®£® ¯à®¨áå®¤¨â ã¤¢®¥­¨¥, § ¢¨á¨â «¨èì ®â a ¨ ",   ­®¬¥à í«¥¬¥­â , ¯®á«¥

ª®â®à®£® ¯à¥ªà é ¥âáï ¤ «ì­¥©è¥¥ ã¤¢®¥­¨¥, ã¢¥«¨ç¨¢ ¥âáï á à®áâ®¬ N .

2. a = 1; 7; " = 0; 11595.

Ǳà¨ ¤ ­­ëå §­ ç¥­¨ïå áâ¥¯¥­¨ ­¥«¨­¥©­®áâ¨ ¨ á¨«ë á¢ï§¨  ¢â®à ¬¨ à ¡®âë [8]

¡ë«® ®¡­ àã¦¥­® ¯®¢¥¤¥­¨¥, ¯à¨ ª®â®à®¬ ¡®«ìè¨­áâ¢® í«¥¬¥­â®¢ ¯à®ï¢«ïîâ §¨£-

§ £®®¡à §­®¥ ¤¢¨¦¥­¨¥,   ®â¤¥«ì­ë¥ ¥¤¨­¨ç­ë¥ â®çª¨, à ¢­®®âáâ®ïé¨¥ ¤àã£ ®â

¤àã£ , | å ®â¨ç¥áª®¥. Ǳà¨ íâ®¬ à ááâ®ï­¨¥ ¬¥¦¤ã å ®â¨ç¥áª¨¬¨ ý¤¥ä¥ªâ ¬¨þ

«®£ à¨ä¬¨ç¥áª¨ § ¢¨á¨â ®â ¢¥«¨ç¨­ë " � "c, £¤¥ "c � 0; 11525 | ­¥ª®â®à®¥ ªà¨-

â¨ç¥áª®¥ §­ ç¥­¨¥. �¯¨á ­­®¥ ï¢«¥­¨¥ ®âà ¦¥­® ­  à¨á. 3. � ®â¨ç¥áª¨¥ ¤¥ä¥ªâë

¢ëà ¦¥­ë ç¥âª¨¬¨ ý¬¨£ îé¨¬¨þ «¨­¨ï¬¨ ¨ à ááâ®ï­¨¥ ¬¥¦¤ã ­¨¬¨ ¬®¦¥â ¡ëâì

«¥£ª® ¯®áç¨â ­®.
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3.2 �®«ìæ¥¢ ï æ¥¯®çª  ª¢ ¤à â¨ç­ëå ®â®¡à ¦¥­¨©

� ª ç¥áâ¢¥ ¢â®à®£® ¯à¨¬¥à  à áá¬®âà¨¬ ®¤­®¬¥à­ãî à¥è¥âªã ¢¨¤  (5):

xin+1 7�! f(xin; a) +
1

2
"
�
f(xi�1n ; a)� 2f(xin; a) + f(xi+1n ; a)

�
; (21)

£¤¥ f(x; a) = 1 � ax2. �¨áâ¥¬  (21) ¨­â¥­á¨¢­® ¨áá«¥¤®¢ « áì à ­¥¥ ¢ à ¡®â å [1-3],

£¤¥ ¡ë«® ­ ©¤¥­®, çâ® ®­  ®¡« ¤ ¥â ¡®«ìè¨¬ à §­®®¡à §¨¥¬ ¢®§¬®¦­ëå à¥¦¨¬®¢ ¯®-

¢¥¤¥­¨ï: ®â á¨­åà®­¨§ æ¨¨ ¯à®áâà ­áâ¢¥­­ëå áâàãªâãà ¤® ¯®«­®áâìî à §¢¨â®© âãà¡ã-

«¥­â­®áâ¨. �­ «®£¨ç­® æ¥¯®çª¥ (7), ¤¨­ ¬¨ª  (21) áãé¥áâ¢¥­­® § ¢¨á¨â ®â §­ ç¥­¨©

¯ à ¬¥âà®¢ a ¨ ". � áá¬®âà¨¬ ­¥ª®â®àë¥ ¨§ ¢¨¤®¢ ¥¥ ¯®¢¥¤¥­¨ï,  ­ «¨§¨àãï âà ¥ªâ®-

à¨¨ â®ç¥ª ¯ãâ¥¬ ¢ëç¨á«¥­¨ï ¯®ª § â¥«¥© � (á¬. x2) ¨ §­ ç¥­¨© ¯¥à¨®¤®¢ p ¢ à §«¨ç­ë¥
¯à®¬¥¦ãâª¨ ¢à¥¬¥­¨.

1. a = 1; 44; " = 0; 1.

� § ¢¨á¨¬®áâ¨ ®â ­ ç «ì­ëå ãá«®¢¨© ¢ ¯à®áâà ­áâ¢¥ ®¡à §ãîâáï ãáâ®©ç¨¢ë¥ ¢®

¢à¥¬¥­¨ ®¡« áâ¨ á à¥£ã«ïà­®© ¨ ­¥à¥£ã«ïà­®© ¤¨­ ¬¨ª®©. �¥ á¬®âàï ­  ¤¨ääã-

§¨®­­ãî á¢ï§ì ¬¥¦¤ã í«¥¬¥­â ¬¨, ª àâ¨­  ï¢«ï¥âáï ãáâ®©ç¨¢®©. � ª®¥ ¯®¢¥¤¥­¨¥

á¨áâ¥¬ë (21) ¬®¦­® ­ §¢ âì á®áâ®ï­¨¥¬ ý§ ¬®à®¦¥­­ëåþ áâàãªâãà. �¨¯¨ç­ ï

ª àâ¨­  â ª¨å áâàãªâãà ¯à¥¤áâ ¢«¥­  ­  à¨á. 4. �§ ¯à¨¢¥¤¥­­®£® à¨áã­ª  å®à®è®

¢¨¤­  ãáâ®©ç¨¢ ï ª àâ¨­  ¨§¬¥­¥­¨ï ¯®ª § â¥«ï � ¨ á®®â¢¥âáâ¢ãîé¨¥ ¥© §­ ç¥-

­¨ï ¯¥à¨®¤®¢ p.

2. a = 1; 88; " = 0; 3.

�¢¥«¨ç¥­¨¥ áâ¥¯¥­¨ ­¥«¨­¥©­®áâ¨, § ¤ ¢ ¥¬®© ¯ à ¬¥âà®¬ a ¢ ®â¤¥«ì­®¬ ®â®¡à -

¦¥­¨¨ f(x; a), ¢¥¤¥â ª à §àãè¥­¨î ¢á¥å ¯à®áâà ­áâ¢¥­­ëå ®¡« áâ¥© á¨­åà®­¨§ -

æ¨¨. Ǳà¨ íâ®¬ ¤¨­ ¬¨ª  ¢á¥© æ¥¯®çª¨, â ª¦¥ ª ª ¨ ®â¤¥«ì­ëå í«¥¬¥­â®¢, ¡ëáâà®

¬¥­ï¥âáï ª ª ¢® ¢à¥¬¥­¨ â ª ¨ ¢ ¯à®áâà ­áâ¢¥ [1]. �â® å®à®è® ®âà ¦ ¥â ¯ à ¬¥âà

­¥à¥£ã«ïà­®áâ¨ �, ¯®¢¥¤¥­¨¥ ª®â®à®£® ¯à¥¤áâ ¢«¥­® ­  à¨á.5. Ǳ®å®¦ ï ª àâ¨­ 

¢¨¤­  ¨ ¤«ï à á¯à¥¤¥«¥­¨ï ¯¥à¨®¤®¢ p ®â¤¥«ì­ëå í«¥¬¥­â®¢. � ª ç¥áâ¢¥ ¯®¤â¢¥à-

¦¤¥­¨ï ­  íâ®¬ ¦¥ à¨áã­ª¥ ¯®ª § ­® à á¯à¥¤¥«¥­¨¥ §­ ç¥­¨© xin ¢ ­¥áª®«ìª® ¯®-

á«¥¤®¢ â¥«ì­ëå ¬®¬¥­â®¢ ¢à¥¬¥­¨ n. �¡ëç­® â ª®¥ ¯®¢¥¤¥­¨¥ æ¥¯®ç¥ª á¢ï§ ­­ëå

®â®¡à ¦¥­¨© ­ §ë¢ îâ ¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­ë¬ å ®á®¬ ¨«¨, ¨á¯®«ì§ãï â¥à-

¬¨­®«®£¨î ­¥à ¢­®¢¥á­ëå áà¥¤, ¯®«­®áâìî à §¢¨â®© âãà¡ã«¥­â­®áâìî [1].

3. a = 1; 8; " = 0; 3.

� íâ®¬ á«ãç ¥ ¯à¨ á«ãç ©­® ¢ë¡à ­­ëå ­ ç «ì­ëå ãá«®¢¨ïå ®¡« áâ¨ à¥£ã«ïà­®©

¨ å ®â¨ç¥áª®© ¤¨­ ¬¨ª¨ ¯¥à¥¬¥¦ îâáï ¬¥¦¤ã á®¡®©. Ǳ®¤®¡­®¥ ¯®¢¥¤¥­¨¥ ­ ¡«î-

¤ ¥âáï ¤®¢®«ì­® ¤«¨â¥«ì­®¥ ¢à¥¬ï. �¤­ ª® ¢ ª®­¥ç­®¬ áç¥â¥ ¯®çâ¨ ¢á¥ í«¥¬¥­âë
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æ¥¯®çª¨ ­ ç¨­ îâ ¢¥áâ¨ á¥¡ï à¥£ã«ïà­®. �­ «¨§ ¯®ª §ë¢ ¥â, çâ® æ¥¯®çª  áâà¥-

¬¨âáï à §¤¥«¨âìáï ­  ïç¥©ª¨ à §¬¥à®¬ ¯® ¤¢  í«¥¬¥­â , ¢ ª ¦¤®© ¨§ ª®â®àëå

¤¨­ ¬¨ª  ¨¬¥¥â ¯¥à¨®¤ 2. �â® ¯à¥¤áâ ¢«¥­® ­  à¨á. 6, £¤¥ ®â®¡à ¦¥­® ¯®¢¥¤¥­¨¥

á¨áâ¥¬ë (21) ¯®á«¥ ¯à¥¤¢ à¨â¥«ì­ëå 1 527 000 ¨â¥à æ¨©.

�¡é¨©  ­ «¨§ á¨áâ¥¬ (7) ¨ (21), ®¯¨á ­­ëå ¢ëè¥, ¨ ­¥ª®â®àëå ¤àã£¨å §­ ç¥­¨ïå

¯ à ¬¥âà®¢ ¯®ª §ë¢ ¥â, çâ® à §à ¡®â ­­ë© ¬¥â®¤ ¢¨§ã «¨§ æ¨¨ ¤¨­ ¬¨ª¨ à á¯à¥¤¥-

«¥­­®© áà¥¤ë,  ¯¯à®ªá¨¬¨àã¥¬®© à¥è¥âª ¬¨ áæ¥¯«¥­­ëå ®â®¡à ¦¥­¨©, ï¢«ï¥âáï íä-

ä¥ªâ¨¢­ë¬ á¯®á®¡®¬ ¨áá«¥¤®¢ ­¨ï ¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­®© í¢®«îæ¨¨.

4 �­ «¨§ ­¥®¤­®à®¤­ëå æ¥¯®ç¥ª á¢ï§ ­­ëå ®¤­®-

¬¥à­ëå ®â®¡à ¦¥­¨©

�áá«¥¤®¢ ­¨¥ à á¯à¥¤¥«¥­­ëå ­¥«¨­¥©­ëå á¨áâ¥¬ ¯®ª § «®, çâ® ­ «¨ç¨¥ ­¥®¤­®à®¤­®-

áâ¥© (¤¥ä¥ªâ®¢), ® ª®â®àëå è«  à¥çì ¢® ¢¢¥¤¥­¨¨, ¬®¦¥â áãé¥áâ¢¥­­® ¨§¬¥­¨âì å à ª-

â¥à ¨å ¤¨­ ¬¨ª¨ [9, 14]. � ä®à¬ «ì­®© â®çª¨ §à¥­¨ï ­ «¨ç¨¥ å®âï ¡ë ®¤­®£® í«¥¬¥­â 

á ¤¥ä¥ªâ®¬ ¢ à¥è¥âª¥ á¢ï§ ­­ëå ®â®¡à ¦¥­¨© ã¢¥«¨ç¨¢ ¥â ª®«¨ç¥áâ¢® ã¯à ¢«ïîé¨å

¯ à ¬¥âà®¢. �â® ¯à¨¢®¤¨â ª â®¬ã, çâ® ¢®§à áâ ¥â à §¬¥à­®áâì ¯ à ¬¥âà¨ç¥áª®£® ¯à®-

áâà ­áâ¢  à¥è¥âª¨ ª ª ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë, çâ® ¢ á¢®î ®ç¥à¥¤ì, ¢ á¨«ã ­¥«¨­¥©-

­®áâ¨ § ª®­  í¢®«îæ¨¨, | ª à áè¨à¥­¨î ¬­®¦¥áâ¢  ¢®§¬®¦­ëå à¥¦¨¬®¢ ¯®¢¥¤¥­¨ï.

�ç¥¢¨¤­®, çâ® ¯à¨ â ª®© á¨âã æ¨¨ ãá«®¦­ï¥âáï ¨ ¨å ¨áá«¥¤®¢ ­¨¥.

Ǳ®ª ¦¥¬ ¯à¨ ¯®¬®é¨ à §à ¡®â ­­®£® ¬¥â®¤  (á¬. x2), ª ç¥¬ã ¬®¦¥â ¯à¨¢¥áâ¨ ­ «¨-
ç¨¥ ®¯à¥¤¥«¥­­ëå ¤¥ä¥ªâ®¢ ¢ ®¤­®¬¥à­ëå à¥è¥âª å ¤¨ääã§¨®­­® á¢ï§ ­­ëå ®â®¡à -

¦¥­¨©.

� áá¬®âà¨¬ æ¥¯®çªã (21) á f(x; a) = 1�ax2 ¤«¨­®© N = 100, ã ª®â®à®© ¢á¥ í«¥¬¥­âë

(ªà®¬¥ æ¥­âà «ì­ëå) ¨¬¥îâ ®¤­® §­ ç¥­¨¥ ¯ à ¬¥âà , a = a1 = 1; 44,   æ¥­âà «ì­ë¥

(á ­®¬¥à ¬¨ i = 47 � 53) | ¨­®¥, a = a2 = 1; 97. Ǳà¨ a = a1 = 1; 44 ¨ è¨à®ª®¬

¤¨ ¯ §®­¥ §­ ç¥­¨© " ¢ ®¤­®à®¤­®© æ¥¯®çª¥ (21) ­ ¡«î¤ ¥âáï à¥£ã«ïà­®¥ ¯®¢¥¤¥­¨¥

¢ ¢¨¤¥ ¯à®áâà ­áâ¢¥­­ëå á¨­åà®­¨§®¢ ­­ëå áâàãªâãà ¬ «®£® à §¬¥à  (á¬. ¢ëè¥). �

á«ãç ¥ a = a2 = 1; 97 ®¤­®à®¤­ ï á¨áâ¥¬  (21) ¯à®ï¢«ï¥â ¢á¥ á¢®©áâ¢  ¯à®áâà ­áâ¢¥­­®-

¢à¥¬¥­­®£® å ®á . � ª¨¬ ®¡à §®¬, ãá«®¢­® £®¢®àï, ¤¥ä¥ªâ á®áâ®¨â ¢ â®¬, çâ® ¢ æ¥¯®çªã

á à¥£ã«ïà­ë¬ ¯®¢¥¤¥­¨¥¬ ¢ªà ¯«¥­ë ­¥áª®«ìª® "å ®â¨ç¥áª¨å" í«¥¬¥­â®¢. �­ «¨§ 5000

¨â¥à æ¨© â ª®© æ¥¯®çª¨ ¯®á«¥ ¯à¥¤¢ à¨â¥«ì­ëå 105 ¯à¥¤áâ ¢«¥­ ­  à¨á.7. �¨¤­®, çâ®

æ¥­âà «ì­ë¥ í«¥¬¥­âë á¨­åà®­¨§®¢ ­ë á ¯¥à¨®¤®¬ 2,   å ®á ¯¥à¥¬¥é ¥âáï ­  ¤àã£¨¥

í«¥¬¥­âë. �¤­ ª®, ¥á«¨ ¯à®¢¥áâ¨ 5 � 106 ¯à¥¤¢ à¨â¥«ì­ëå ¨â¥à æ¨©, â® å ®á ¡ã¤¥â «®-

ª «¨§®¢ ­ ¢ í«¥¬¥­â å á a2 = 1; 97 ¨ ­¥ª®â®àëå á®á¥¤­¨å í«¥¬¥­â å á¯à ¢  ¨ á«¥¢ .

�â® £®¢®à¨â ® â®¬, å ®â¨ç¥áª®¥ ¯®¢¥¤¥­¨¥ ¡« £®¤ àï ¤¨ääã§¨¨ à á¯à®áâà ­ï¥âáï ­ 

í«¥¬¥­âë á à¥£ã«ïà­ë¬ ¯®¢¥¤¥­¨¥¬.
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� áá¬®âà¨¬ â¥¯¥àì ¤àã£®© á«ãç © ­¥®¤­®à®¤­®© æ¥¯®çª¨ (21). � ¯®¬­¨¬, çâ® á¨áâ¥-

¬  (21) ¯à¨ §­ ç¥­¨¨ ¯ à ¬¥âà  a = 1; 8 ¨ ­¥¡®«ìè¨å §­ ç¥­¨ïå ¤¨ääã§¨¨ ", ¯à®ï¢«ï¥â

¯¥à¥¬¥¦ ¥¬®áâì á¨­åà®­¨§ æ¨¨ ¨ ­¥à¥£ã«ïà­®£® ¯®¢¥¤¥­¨ï ª ª ¯® ¯à®áâà ­áâ¢ã â ª ¨

¯® ¢à¥¬¥­¨ (á¬ x3.2). Ǳ®áâà®¨¬ æ¥¯®çªã ¢¨¤  (21) ¤«ï N = 100 â ª, çâ®¡ë 50 í«¥¬¥­â®¢

¨¬¥«¨ ®¤­® §­ ç¥­¨¥ ­¥«¨­¥©­®áâ¨ (a = a1 = 1; 8),   ®áâ «ì­ë¥ 50 | a = a2 = 1; 97:

8>><
>>:

xin+1 = f(xin; a1) +
"

2

�
f(xi�1n ; a1)� 2f(xin; a1) + f(xi+1n ; a1)

�
; n-­¥ç¥â­®¥,

xin+1 = f(xin; a2) +
"

2

�
f(xi�1n ; a2)� 2f(xin; a2) + f(xi+1n ; a2)

�
; n-ç¥â­®¥.

(22)

� ª¨¬ ®¡à §®¬, ¢ á¨áâ¥¬¥ (22) í«¥¬¥­âë á à §«¨ç­ë¬¨ a ç¥à¥¤ãîâáï ¢ ¯à®áâà ­áâ¢¥.

�­ ç¥­¨¥ ¯ à ¬¥âà  ¤¨ääã§¨¨ " ¯®«®¦¨¬ à ¢­ë¬ 0,7. �  ®â­®á¨â¥«ì­® ­¥¡®«ìè¨å

¢à¥¬¥­ å T � 104 â ª ï ­¥®¤­®à®¤­ ï á¨áâ¥¬  ¯à®ï¢«ï¥â ¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­®©

å ®á,  ­ «®£¨ç­ë© ®¤­®à®¤­®© æ¥¯®çª¥ ¯à¨ a = 1; 97. �¤­ ª® ¥á«¨  áá¨¬¯â®â¨ç¥áª¨

¯à® ­ «¨§¨à®¢ âì ¤¨­ ¬¨ªã (áª ¦¥¬, ¯à®¢¥áâ¨ 5 � 107 ¨â¥à æ¨©), â® ¬®¦­® ®¡­ àã-

¦¨âì ­¥®¦¨¤ ­­®¥ ï¢«¥­¨¥: ¢áï æ¥¯®çª  á¨­åà®­¨§¨àã¥âáï. �â® ¢ëà ¦ ¥âáï ¢ â®¬, çâ®

¢ ¯à®áâà ­áâ¢¥ §­ ç¥­¨© ¯ à ¬¥âà  � ­ ¡«î¤ ¥âáï à¥£ã«ïà­ ï ª àâ¨­  (à¨á.8). �§ íâ®£®

à¨áã­ª  á«¥¤ã¥â, çâ® ¢á¯«¥áª¨ ­¥à¥£ã«ïà­®áâ¨ ¢®§­¨ª îâ áâà®£® ç¥à¥§ à ¢­ë¥ ¯à®¬¥-

¦ãâª¨ ¢à¥¬¥­¨ ¨ ­  ®¤¨­ ª®¢®¬ à ááâ®ï­¨¨ ¤àã£ ®â ¤àã£ . �¤¥áì ¬®¦­® £®¢®à¨âì ®

â®¬, çâ® á® ¢à¥¬¥­¥¬ å ®á ª ª ¡ë ¯¥à¥¬¥é ¥âáï ¯® æ¥¯®çª¥ á ¯®áâ®ï­­®© áª®à®áâìî. � 

à¨á.8 ¢¨¤­ë â ª¦¥ ­¥¡®«ìè¨¥ § £­ãâë¥ ®â¢¥â¢«¥­¨ï ®â ¯àï¬ëå «¨­¨©. �â® ®§­ ç ¥â,

çâ® å ®â¨ç¥áª¨¥ ¢á¯«¥áª¨ ¤¢¨¦ãâáï ­¥ à ¢­®¬¥à­®,   á ­¥¡®«ìè¨¬ ãáª®à¥­¨¥¬. �¤­ ª®

ç¥à¥§ ­¥ª®â®à®¥ ¢à¥¬ï ®­¨ ¨áç¥§ îâ. �á«¨ ¯®¤à®¡­® ¨áá«¥¤®¢ âì íâ® ï¢«¥­¨¥, â® ¬®¦­®

®¡­ àã¦¨âì, çâ® áª®à®áâì ¯¥à¥¬¥é¥­¨ï å ®â¨ç¥áª¨å ¤¥ä¥ªâ®¢ áãé¥áâ¢¥­­® § ¢¨á¨â ®â

§­ ç¥­¨© a1 ¨ a2,   â ª¦¥ ®â ¤¨ääã§¨¨ ", ­® ­¥ § ¢¨á¨â ®â à á¯à¥¤¥«¥­¨ï ­ ç «ì­ëå

ãá«®¢¨©. �â ­ ç «ì­ëå ãá«®¢¨© § ¢¨á¨â â®«ìª® ¨å ­ ¯à ¢«¥­¨¥ ¤¢¨¦¥­¨ï.

� § ª«îç¥­¨¥ ¨áá«¥¤ã¥¬ ­¥®¤­®à®¤­ãî ª®«ìæ¥¢ãî æ¥¯®çªã (21) á ®¤­¨¬ ¥¤¨­-

áâ¢¥­­ë¬ ¤¥ä¥ªâ®¬. Ǳãáâì ¢á¥ í«¥¬¥­âë æ¥¯®çª¨ ¨¬¥îâ ®¡éãî áâ¥¯¥­ì ­¥«¨­¥©­®áâ¨

(a = a1 = 1; 8),   æ¥­âà «ì­ë© | a = a2 = 1; 99. �ë¡¥à¥¬ ª®íää¨æ¨¥­â ¤¨ääã§¨¨

" = 0; 1. �­ ç «  ã¤¥«¨¬ ­¥¡®«ìè®¥ ¢­¨¬ ­¨¥ á¨áâ¥¬¥ (21) ¡¥§ ¤¥ä¥ªâ . �¨¯¨ç­ ï ª à-

â¨­  ¤¨­ ¬¨ª¨ ¯®ª § ­  ­  à¨á. 9. � â¥ç¥­¨¥ ¢á¥© í¢®«îæ¨¨ ¡®«ìè¨­áâ¢® í«¥¬¥­â®¢

á¨­åà®­¨§®¢ ­ë, ­® ¯à¨ íâ®¬ áãé¥áâ¢ãîâ ¬¥«ª¨¥ ýå ®â¨ç¥áª¨¥þ áâàãªâãàë, ª®â®àë¥

¡«ã¦¤ îâ ¯® ¯à®áâà ­áâ¢ã. � ª å®à®è® ¢¨¤­® ­  à¨á. 9, ¢áâà¥ç ïáì, ®­¨ ¢§ ¨¬­® ã­¨-

çâ®¦ îâáï. �®®â¢¥âáâ¢¥­­® ¨ à®¦¤ îâáï ®­¨ ¯ à ¬¨. Ǳ®¤®¡­®¥ ¯®¢¥¤¥­¨¥ ¢ à ¡®â¥ [1,

2] áà ¢­¨¢ «®áì á  ­ «®£®¬ ¡à®ã­®¢áª®£® ¤¢¨¦¥­¨ï.

�¥¯¥àì ¤®¡ ¢¨¬ ¤¥ä¥ªâ á a = a2 = 1; 97 ¢ æ¥­âà¥. �áá«¥¤®¢ ­¨ï ¯®ª §ë¢ îâ, çâ®

­ «¨ç¨¥ í«¥¬¥­â  á ¡®«ìè¥© áâ¥¯¥­ìî ­¥«¨­¥©­®áâ¨ ¯à¨¢®¤¨â ª ¯®å®¦¥© ª àâ¨­¥, § 

¨áª«îç¥­¨¥¬ â®£®, çâ® ¢ æ¥­âà «ì­®¬ í«¥¬¥­â¥ ¢á¥£¤  áãé¥áâ¢ã¥â à ááâà®©ª  á¨­åà®-

­¨§ æ¨¨,   ª®«¨ç¥áâ¢® ¡«ã¦¤ îé¨å áâàãªâãà ã¢¥«¨ç¨¢ ¥âáï. �å ¤¨­ ¬¨ª  ¯®«­®áâìî
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¯®¢â®àï¥â ¤¨­ ¬¨ªã áâàãªâãà ¢ ®¤­®à®¤­®© á¨áâ¥¬¥ á â¥¬ «¨èì ®â«¨ç¨¥¬, çâ® ®­¨

¬®£ãâ â ª¦¥ ¨áç¥§ âì, ¢áâà¥ç ïáì á æ¥­âà®¬ (i = 50), ¨ à®¦¤ âìáï ­  ­¥¬. �á«®¢­®

£®¢®àï, í«¥¬¥­â á ¤¥ä¥ªâ®¬ ï¢«ï¥âáï § à®¤ëè¥¬|¯®£«®â¨â¥«¥¬ "¡à®ã­®¢áª¨å"ç áâ¨æ.

� á¢ï§¨ á íâ¨¬ ¨­â¥à¥á­® ¢ëïá­¨âì á®áâ®ï­¨¥ â ª®© á¨áâ¥¬ë ­  ¡®«ìè¨å ¢à¥¬¥­ å.

�ª §ë¢ ¥âáï, çâ® ­¥§ ¢¨á¨¬® ®â ­ ç «ì­ëå ãá«®¢¨©, ¯à¥¤¥«ì­®¥ á®áâ®ï­¨¥ ï¢«ï¥âáï

á¨¬¬¥âà¨ç­ë¬.

�  à¨á.10 ¯à¥¤áâ ¢«¥­  ¯®¤®¡­ ï ª àâ¨­  ç¥à¥§ 5 � 107 ¨â¥à æ¨©, £¤¥ ¤«ï ã¤®¡áâ¢ 

¤¥ä¥ªâ á a2 = 1; 97 ¯¥à¥¬¥é¥­ ¢ í«¥¬¥­â á i = 75. �¨¤­®, çâ® ýå ®â¨ç¥áª¨¥ ç áâ¨-

æëþ à®¦¤ îâáï ¯ à ¬¨ ­  ¤¥ä¥ªâ¥ ¨ ¤¢¨¦ãâáï ¯® á¨¬¬¥âà¨ç­ë¬ ®â­®á¨â¥«ì­®£® ­¥£®

âà ¥ªâ®à¨ï¬. �­¨ â ª¦¥ ¨áç¥§ îâ ¯ãâ¥¬ áâ®«ª­®¢¥­¨ï ¤àã£ á ¤àã£®¬ ¨ á í«¥¬¥­â®¬

á ¤¥ä¥ªâ®¬. �â¬¥â¨¬, çâ® å ®â¨ç¥áª¨¥ í«¥¬¥­âë ï¢«ïîâáï ¯à¨ç¨­®© ­¥¡®«ìè®© à á-

áâà®©ª¨ á¨­åà®­¨§ æ¨¨ ¢® ¢á¥å í«¥¬¥­â å. �  à¨á. 10 ¢¨¤­®, çâ® íâ  à ááâà®©ª  à á-

¯à®áâà ­ï¥âáï ¯® ¯à®áâà ­áâ¢ã ¢ à §­ë¥ áâ®à®­ë ¨ áå®¤¨âáï ¯àï¬® ¯à®â¨¢®¯®«®¦­®

(­  ª®«ìæ¥) ®â­®á¨â¥«ì­® ¤¥ä¥ªâ .

Ǳà¨¢¥¤¥­­ë¥ ¯à¨¬¥àë ¯®ª §ë¢ îâ, çâ® ­¥®¤­®à®¤­ë¥ à¥è¥âª¨ ®â®¡à ¦¥­¨© ®¡« -

¤ îâ  ¡á®«îâ­® ­¥¯à¥¤áª §ã¥¬ë¬ ¡®£ âáâ¢®¬ ¢®§¬®¦­ëå à¥¦¨¬®¢ ¤¢¨¦¥­¨ï, ª®â®à®¥

¬®¦¥â ¡ëâì íää¥ªâ¨¢­® ¯à®¤¥¬®­áâà¨à®¢ ­® á ¨á¯®«ì§®¢ ­¨¥¬ ¯à¥¤«®¦¥­­®£® ¢ x2
¯®ª § â¥«ï.

5 � ª«îç¥­¨¥

� á¯à¥¤¥«¥­­ë¥ áà¥¤ë ¤®áâ â®ç­® å®à®è® ¬®£ãâ ¬®¤¥«¨à®¢ âìáï ¤¨áªà¥â­ë¬¨ ¯® ¯à®-

áâà ­áâ¢ã ¨ ¢à¥¬¥­¨ á¨áâ¥¬ ¬¨ ¨«¨ à¥è¥âª ¬¨ áæ¥¯«¥­­ëå ®â®¡à ¦¥­¨©. �® ¤«ï à¥è¥-

â®ª á¢ï§ ­­ëå ®â®¡à ¦¥­¨© §­ ­¨¥ ¢¥«¨ç¨­, ®¯à¥¤¥«ïîé¨å ¨å £«®¡ «ì­®¥ ¯®¢¥¤¥­¨¥

­   á¨¬¯â®â¨ç¥áª¨ ¡®«ìè¨å ¢à¥¬¥­ å ­¥ ¯à¥¤áâ ¢«ï¥â ¡®«ìè®£® ¨­â¥à¥á . �®«¥¥ ¢ ¦­®

­ ©â¨ å à ªâ¥à¨áâ¨ª¨, ®¯à¥¤¥«ïîé¨¥ «®ª «ì­ë¥ á¢®©áâ¢  â ª¨å á¨áâ¥¬ ¨ ¨å í¢®«îæ¨î

¢® ¢à¥¬¥­¨.

� ¤ ­­®© à ¡®â¥ à §¢¨¢ ¥âáï ­®¢ë© ¬¥â®¤  ­ «¨§  æ¥¯®ç¥ª á¢ï§ ­­ëå ®â®¡à ¦¥­¨©,

¯®§¢®«ïîé¥© ¢¨§ã «¨§®¢ âì ¯®¢¥¤¥­¨¥ ®â¤¥«ì­ëå í«¥¬¥­â®¢ ¨ ¤¨­ ¬¨ªã ¢á¥© á¨áâ¥¬ë

¢ æ¥«®¬. � ¥£® ¯®¬®éìî ¨áá«¥¤®¢ ­® ¯®¢¥¤¥­¨¥ ª ª ®¤­®à®¤­ëå á¨áâ¥¬ ¤¨ääã§¨®­­®

áæ¥¯«¥­­ëå ®¤­®¬¥à­ëå ª¢ ¤à â¨ç­ëå ®â®¡à ¦¥­¨©, â ª ¨ á ¯à®áâà ­áâ¢¥­­®© ­¥®¤­®-

à®¤­®áâìî. Ǳà¨ íâ®¬ à áá¬®âà¥­ë à §«¨ç­ë¥ â¨¯ë ­¥®¤­®à®¤­®áâ¥©: ¯¥à¨®¤¨ç¥áª ï ¯®

¢á¥¬ã ¯à®áâà ­áâ¢ã, ­¥®¤­®à®¤­®áâì ¢ ¢¨¤¥ ¤¥ä¥ªâ  ¢ ­¥áª®«ìª¨å ¯®¤àï¤ ¢§ïâëå í«¥-

¬¥­â å ¨ ¤¥ä¥ªâ ¢ ®¤­®¬ ¥¤¨­áâ¢¥­­®¬ í«¥¬¥­â¥. Ǳ®ª § ­®, çâ® ¯à¨áãâáâ¢¨¥ ¢ ¬®¤¥«¨

à §«¨ç­®£® ¢¨¤  ­¥®¤­®à®¤­®áâ¥© ¬®¦¥â áãé¥áâ¢¥­­® ¨§¬¥­¨âì ¯®¢¥¤¥­¨¥ ¢á¥© á¨áâ¥-

¬ë. � ç áâ­®áâ¨, ¯à¨ ®¯à¥¤¥«¥­­ëå §­ ç¥­¨ïå ¯ à ¬¥âà®¢ ¨ ª®íää¨æ¨¥­â®¢ ¤¨ääã-

§¨¨ ¤¨­ ¬¨ª  ­¥®¤­®à®¤­®© æ¥¯®çª¨ á ç¥à¥¤ãîé¨¬¨áï ¤¥ä¥ªâ ¬¨ á¨­åà®­¨§¨àã¥âáï
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¯à¨ «î¡ëå ­ ç «ì­ëå ãá«®¢¨ïå. �á®¡¥­­®áâì â ª®© æ¥¯®çª¨ á®áâ®¨â ¢ â®¬, çâ® ®¤-

­®à®¤­ë¥ á¨áâ¥¬ë á® §­ ç¥­¨ï¬¨ ¯ à ¬¥âà®¢, § ¤ îé¨å ­¥®¤­®à®¤­®áâ¨, ¯à®ï¢«ïîâ

¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­®© å ®á. �®¦­® áª § âì, çâ® á¨­åà®­¨§ æ¨ï á«®¦­®£® ¯®¢¥¤¥-

­¨ï ¯à®¨áå®¤¨â ¯ãâ¥¬ ¢­¥á¥­¨ï ¯à®áâà ­áâ¢¥­­® ¯¥à¨®¤¨ç¥áª®© ­¥®¤­®à®¤­®áâ¨.

� § ª«îç¥­¨¥ á«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯à¥¤áâ ¢«¥­­ë¥ à¥§ã«ìâ âë ï¢«ïîâáï ¤®áâ -

â®ç­® ­®¢ë¬¨. �­ «¨§ ¤¨­ ¬¨ª¨ ­¥®¤­®à®¤­ëå á¨áâ¥¬ áæ¥¯«¥­­ëå ®â®¡à ¦¥­¨© ¢¥áì¬ 

á«®¦¥­, ¨ à áá¬®âà¥­¨¥ ¤ ¦¥ ®¤­®à®¤­ëå ¤¨áªà¥â­ëå ¬®¤¥«¥© ª ª ¯à ¢¨«® ­ â «ª¨-

¢ ¥âáï ­  §­ ç¨â¥«ì­ë¥ âàã¤­®áâ¨. �¥¬ ­¥ ¬¥­¥¥, ¯à¥¤«®¦¥­­ë© ªà¨â¥à¨© «®ª «ì­®£®

 ­ «¨§  ¯®§¢®«ï¥â ã¯à®áâ¨âì ¨áá«¥¤®¢ ­¨¥ ¨ ­ £«ï¤­® ®â®¡à ¦ âì ¯®¢¥¤¥­¨¥ à¥è¥â®ª

¢ æ¥«®¬.
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�¨á. 1: �¡« áâ¨ áãé¥áâ¢®¢ ­¨ï ¨ ãáâ®©ç¨¢®áâ¨ áâ æ¨®­ à­ëå á®áâ®ï­¨© x�1 ¨ x
�

2 ¨ §¨£§ -
£®®¡à §­®£® ¯®¢¥¤¥­¨ï æ¥¯®çª¨ (7). S1, S2 | ®¡« áâ¨ áãé¥áâ¢®¢ ­¨ï ãáâ®©ç¨¢ëå â®ç¥ª
x�1 ¨ x�2 á®®â¢¥âáâ¢¥­­®. Z | ®¡« áâì áãé¥áâ¢®¢ ­¨ï ãáâ®©ç¨¢ëå §¨£§ £®®¡à §­ëå à¥-
è¥­¨© (18).
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�¨á. 2: �¨­ ¬¨ª  á¨áâ¥¬ë (11) ¯à¨ §­ ç¥­¨ïå ¯ à ¬¥âà®¢ a = 1; 7 ¨ " = 0; 45. �«¥¢ 
¯®ª § ­ë §­ ç¥­¨ï ¯®ª § â¥«ï � ¢ § ¢¨á¨¬®áâ¨ ®â ­®¬¥à  í«¥¬¥­â  (£®à¨§®­â «ì­ ï
®áì) ¨ ¢à¥¬¥­¨ ¢ ¬ áèâ ¡¥ � (¢¥àâ¨ª «ì­ ï ®áì),   á¯à ¢  | á®®â¢¥âáâ¢ãîé¥¥ §­ ç¥­¨¥
¯¥à¨®¤®¢ p. �­¨§ã ®â®¡à ¦¥­® à á¯à¥¤¥«¥­¨¥ ¢¥«¨ç¨­ xi ¢ ­¥ª®â®àë¥ ¯®á«¥¤®¢ â¥«ì­ë¥
¬®¬¥­âë ¢à¥¬¥­¨.
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�¨á. 3: �®¦¥ çâ® ¨ ­  à¨á. 2 ¯à¨ a = 1; 7 ¨ " = 0; 11595.
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�¨á. 4: �¨­ ¬¨ª  ª®«ìæ¥¢®© æ¥¯®çª¨ (21) ¯à¨ a = 1; 44 ¨ " = 0; 1.
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�¨á. 5: �®¦¥ çâ® ¨ ­  à¨á. 4 ¯à¨ a = 1; 88 ¨ " = 0; 3.



0 10 20 30 40 50 60 70 80 90 100
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

i

X

�¨á. 6: �®¦¥ çâ® ¨ ­  à¨á. 4 ¯à¨ a = 1; 8 ¨ " = 0; 3.



�¨á. 7: �¨­ ¬¨ª  æ¥¯®çª¨ (21), ã ª®â®à®© ¢á¥ í«¥¬¥­âë (ªà®¬¥ æ¥­âà «ì­ëå) ¨¬¥îâ
®¤­® §­ ç¥­¨¥ ¯ à ¬¥âà , a = a1 = 1; 44,   æ¥­âà «ì­ë¥ (á ­®¬¥à ¬¨ i = 47�53) | ¨­®¥,
a = a2 = 1; 97 (¯®á«¥ ¯à¥¤¢ à¨â¥«ì­ëå 105 ¨â¥à æ¨©). �­ ç¥­¨¥ ¤¨ääã§¨¨ " = 0; 7.



�¨á. 8: Ǳ®¢¥¤¥­¨¥ á¨áâ¥¬ë (22) á ç¥à¥¤®¢ ­¨¥¬ ¯ à ¬¥âà  ­¥«¨­¥©­®áâ¨ ¢ í«¥¬¥­â å
¯®á«¥ ¯à¥¤¢ à¨â¥«ì­ëå 5 � 107 ¨â¥à æ¨©. a1 = 1; 8; a2 = 1; 97 ¨ " = 0; 7.



�¨á. 9: �¨­ ¬¨ª  ª®«ìæ¥¢®© æ¥¯®çª¨ (21) ¯à¨ §­ ç¥­¨ïå ¯ à ¬¥âà®¢ a = a1 = 1; 8 ¨
" = 0; 1.



�¨á. 10: �®¦¥ çâ® ¨ ­  à¨á. 9 ¯à¨ ­ «¨ç¨¨ ¤¥ä¥ªâ  á a2 = 1; 99 ¢ ®¤­®¬ ¥¤¨­áâ¢¥­­®¬
í«¥¬¥­â¥ (i = 75). " = 0; 1. Ǳà®¢¥¤¥­® 5 � 107 ¯à¥¤¢ à¨â¥«ì­ëå ¨â¥à æ¨©.


