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AHHOTaIMS

B pabore pazpaboTaH HOBBII JOCTATOYHO 3(PPHEKTUBHBII METOT JIOKAJIHLHOIO aHAJII-
3a JIMHAMUKY CBI3aHHBIX 0TOOpaXkeHuii. B oTiimuane oT paHee mpejiaraeMbIX OH T03BO-
JIIET HATJISIHO WCCJIEIOBATH JBOJIIONUIO 00JIACTEN CHHXPOHU3AIUNA U CJIOKHOTO MOBE-
JIEHUST PACIIPEJIEJIEHHON CPEJIbl, OMMMCHIBAEMOUM COBOKYITHOCTHIO 0TOOparKenwmii. D dek-
THUBHOCTD JJAHHOTO METOJIa MTPO/IEMOHCTPUPOBAHA HA, IIPUMEPAX KOIBIIEBOI U MOTOKOBO
MOJIeJIAX TP Y3NOHHO CBI3aHHBIX KBAIPATUIHBIX 0TOOparKeHmii. AHAJIN3 KOJIbIIEBO
[EMOYKU [pU HaIu4dnu J1eheKTOB MPOCTPAHCTBA, MO3BOJIUI OOHAPYKUTH PsiJi HOBBIX
SIBJICHWH T7100aJIHOTO TOBEICHUS .

KioueBrble ciioBa: pacupejesieHHbIE CPeJIbl, TPOCTPAHCTBEHHO-BPEMEHHON XaoC, PelIeTKH

CBSA3aHHBIX OTOOPAZKEHUIA.

1 Bsenenue

HcenenoBanne pemerok CBA3aHHLIX OTOOparKeHHil Kak Mojeneil pacupee/eHHON cpeabl B
MOCJIe/IHIE TOJABI PUOOPETIO OrPOMHYIO TOMYJISIPHOCTH (M., Hampumep, [1-5]). DiaemeHTs
pemerkn npu 3TOM MPEJACTABIAIOT CO0O0# TOYKM (PU3MYIECKOTO MPOCTPAHCTBA, & XapaKTep
CBA3HM MEZKJly HUMH MOJETUPYET B3aUMOJEHCTBHE UCXOJA U3 OCHOBHBIX (DUBMUYECKHUX MPUH-
munoB. [Ipy TakoOM IIOAX0Je BO3HHKAET Psijl MPOOJIeM, OCHOBHBIMA M3 KOTOPBIX ABJISIOTCH
aJICKBaTHasdA 3aMEHa HEIIPEePbIBHOI'O (I)I/IBI/ILIGCKOFO MMPOCTPAaHCTBa AUCKPETHBIM aHaJIOI'OM U
BBIOOD TPABWILHBI cBsi3u. OHAKO Jlake MPU YIAYHOM BBIOOPE MOMyYeHHAS] PENeTOTHAS
MOJIEJTH JIAJIEKO He BCEryia ONUCHIBAET OOraTCTBO BCEX ABJEHUI, HAOIIOJAEMBIX B PACIIPEJIe-
JIHHBIX cHcTeMax. [103TOMy 3a9acTyio NpuberaioT K paCCMOTPEHUIO TAKUX CUCTEM C 3aKOHOM
9BOJIIOIIMU B JIEMEHTAX WU CBA3bIO, LITO6I)I IIpyu U3MEHEHUHN YIIPABJAIOIINUX HapaMeTpOB OHH
JEMOHCTPUPOBAJIH IMTUPOKUI CIIEKTD sIBJIEHUN, IPUCYIUX pacipeeseHnoil cpeje [1, 2].
Perrero4nbie cuCTEMbI BO3HUKAIOT HE TOJIBKO IIPU PACCMOTPEHUH PACHPEIETEHHBIX CPEJI,
HO TaK2Ke€ W IIPpU ONMUCAHUU IIPOLECCOB, MPOUCXOAAIINX B CUCTEMaX, UMEIOIIUX CYyHIeCTBEHHO
JINCKPETHYIO CTPYKTYPY KakK MO IMPOCTPAHCTBY TaK M 10O BpeMeHu. K TakuM MOe/ M Hemno-
CPEJICTBEHHO MPHUBOIUT PAJ 33134 TEOPUH CHUHXPOHU3ANUH PAJAOreHepaTOPOB, GHOJOIHH,

ME/IUIIMHBI, a TAKKe N3ydYeHne TTOBEJEHHsI KJIeTOYHBIX ABTOMATOB W HEHPOHHBIX ceTeil [4]



B zaBucuMocT oT pasMepHOCTH HCXOIHOI MOJETUPYEMOil CHCTEMBbI PeIleTKH CIelLIeH-
HBIX OTOOpazKeHUil MOryT ObITH OJITHOMEPHBIMU, ABYMEPHBIMU WJIH TpexXMepHbiMu. B mauHO
paboTe W3ydaloTCsl TOJHKO OJHOMEDHBIE PEIeTKH, T.e. JJMHEeWHbIe MEeMOYKU, MPeICTaB/IIO-
e coboit COBOKYIHOCTD 3IEMEHTOB IO ONPe/IeIEHHOMY 3aKOHY B3aHMOIEHCTBYIONINE JIPYT
C IPYTOM.

[Ipu mocTpoenun perreTok CBA3aHHBIX OTOOpaYKEHU MPezK/ie BCero HeoOXoMMO BhIOpaTh
BHJ OTOOpazKeHusi, KOTOPOe 3a/IeT BPEMEHHYIO BOJIONHUIO B KaxKJI0M 31eMeHTe. Takoil BbI-
O60p oToOparKeHus OIpeesieT JoKaJIbHoe (pa30Boe MPOCTPAHCTBO X, HA KOTOPOM JIeiCTBYET
npeobpasoBanme f: X — X,

r+— f(z), ze€X. (1)

Da30BbIM IIPpOCTPaHCTBOM BCell petieTKn dABJadeTCd NpAMOe NPOUu3BeJeHHe BCEX JIOKAJbHBIX
IMPOCTPAaHCTB OTJAE/JIbHbBIX 3JIEMEHTOB. B OJJHOMEPpHOM CJIy4dae BCe dJIEMEHTbl MO2KHO PaCIIOJIO-

JKATH Ha HPsSIMOil 1 TPOHYMepOBaTh OJHUM HHJEeKcoM. Torma ¢pa3oBoe MpOCTPpaHCTBO TaKO

HENOYKH, BKJIOYaoIeidr N 3J1eMeHTOB, MOYKHO 3alucarb Kak X = %1 X;. Takum obpazom,
i=
COCTOSIHUE TEMOYKN 3a1aeTCs BEKTOPOM & = (x1,...,xxn) € X.
Bropoit ocHOBHOIT 3aa4eil MOCTPOEHUS PEHIeTOK OTOOparKeHHil ABJISETCS OIpeaeTeHne
CBA3EH MeXJy djIeMeHTaMu. FCTeCTBeHHO, YTO CBSA3b JOJIZKHA 33/aBaTh BJIUSHUE 3HAYECHU
9JIEMEHTOB BCeil peleTku Ha MOC/Ie/Ayole 3Ha9eHs OT/Ie/IbHO B3ATOrO djieMenTa. B oaHo-

MEpHOM CIIydae, T.e. JJId IEIOYeK, CBA3b MOKHO ONPEJCTUTh OTOOPaZKeHHeM:
xi— g(xy,...,zN), 1=1,...,N. (2)

Takum obpazom, JUHAMHKA HENOYKHU CBSI3aHHBIX OTOOpayKEeHU MOYKET ObITh MpeJ/ICTaB/IeHa,
B BHJIe KOMIO3unun AByX orobpazkennii (1) u (2). Torma 3a oquu mar mo BpeMeHu 3HAYCHUE

1-T0 TeMeHTa Oy/IeT U3MEHSThCS O 3aKOHY

viv— g(f(@1),..., fn)), i=1,...,N, (3)
a MOBeJIeHNe BCell MeMmOoYKN PacriaJaercsl Ha BpeMeHHOe, 3a/jaBaeMoe orobpaxkenneM f(z), n
MPOCTPAHCTBEHHOE, 33/aBaeMoe peodpPa3oBaHuEeM g(a:l, RN i N).

XoTa OOJBLIINHCTBO pe3yJabTaTOB, OTHOCAIIUXCA K CBA3aHHBIM OTO6pa}KeHI/IHM 10Ty Y€HbI
JIJIS TAKOT'O PA3JIOXKEeHHs, OBLIO OBl COBEPIIEHHO HENPAaBHIBHO YTBEPXKJIAThH, ITO 9TO Orpa-
HUYeHue siBjsgercs obmuM. Hanmpumep, npu JqucKkpeTu3amyuy 10 BpeMeH!n HEKOTOPBIX CHCTEM
CBA3aHHBIX OOBIKHOBEHHBIX JAndpepeHnuaibHbIX YpaBHEHNH U ypaBHEHUH B YACTHBIX IPO-
U3BOJHBIX, ONMUCHIBAIONINX PeaTbHYI0 PaCIpe/Ie/IeHHYIO Cpely, BOSHHKAIOT CUCTEeMbl 0TOOpa-

JKEeHUIT, SBOJIIONUS KOTOPLIX ONpPe/esdeTcs Ipeobpa3zoBaHueM
;i — f(z;) + g(x,...,zn), i=1,...,N, (4)

riae dbyukiys f () mo-npekHeMy Oonpe/e/sieT BpeMeHHYIO INHAMUKY, a ¢(T1,...,Ty) 3a1a-
eT M3MeHeHHe 3HAaUeHHs d7eMeHTa T; B 3aBHCHMOCTH OT TeKyIero coctosHud. lIlpm takom

MOJIX0/Ie BpeMeHHOe U MPOCTPAHCTBEHHOE Mpeobpa30BaHus JIEHCTBYIOT OJIHOBPEMEHHO.



B nureparype, MOCBSIIEHHON JaHHON Teme, Hamboee MOMYJISIPHBIMU CHCTEMaMH SIBJIs-
I0TCS1 OTHOMEPHBIE TENO0UKH Juddysuonno ceasannur omobpascenud [1-5]. duddysnonnas
CB4A3b O3Ha4YaeT, YTO COCTOAHUE IJIEMEHTOB M3MeHAeTCd JIMIIb B 3aBUCUMOCTH OT 3HAYEHU
OmzKaimux coceneit. B stom caydae s nenoukn Bujga (3) IHHAMEIKA 33aeTCs 0TODpaKe-

HUEM B ciaeayioreii ¢popme:
7i — f(@i,0) + 5 (F(3i1,0) = 2f (31,0) + f (w151, 0)), (5)

rie £ — kodbburment quddysun. B psje pabor B kauectse dbyukuuu f(x,a) paccMarpuBa-
JIOCh KBaJjipaTuuHoe npeobpasosanue f(r,a) = 1 —ax? (cm., nanpumep, [1-4] u npusejenubie
TaM CChUIKE). B 3aBucumoctn ot 3madenuii mapamerpos ¢ € [0;4] u ¢ € [0;1] ono Moxer
OPOSBJIATH OYeHb MUPOKHIl CIEKTP II00AJLHOTO MOBEIEHUS: OT CUHXPOHU3AIMHA BCEX dJIe-
MEHTOB, TPOCTPAHCTBEHHOW M BPEMEHHON MEePUOJIMYECKOil JUHAMUKH, JIO TPOCTPAHCTBEHHO-
BPEMEHHOTO Xa0ca.

Hapsiny ¢ nenmoukamu audby3u0HHO CBSI3aHHBIX 0TOOpayKeHuit BuAa (5) 4acTo UCCIery-

eTCs MOBeJeHne 0TOOParKeHuil BUIa
£
z; — f(z5,a) + B (Tio1 — 2@ + Tig1) (6)

rie x € [0;1], « — nmapamerp HesmHEHHOCTH U € — KOIDMDUIMEHT B3AUMOIEHCTBISI MEXK LY
seMeHTaMu. Takoii BEIGOD CBsI3W O3Ha4YaeT, 9To B orobparkennn (6) aHAJIOIMIHO Mpeobpa-
30BaHNIO (4) HPOCTPAHCTBEHHOE W BPEMEHHOEe JIHiCTBHS MPOUCXOAAT OJHOBPEMEHHO.
[TomuMO yKa3aHHBIX BUJIOB B3aMMOJEHCTBHS MHOTJIA PACCMATPUBAETCS TaK Ha3bIBaeMast
MOTOKOBasI MOJIETh, AlIPOKCUMHUPYIOIIAas CBOOOIHOE TeUeHue KUAKOCTH. B aToMm caydae 1e-

IIOYKA TIPEJICTABIISET CODOii CHCTeMy OJHOCTOPOHHE CBSI3aHHBIX OTOOpazkeHuit [5-8:

r; — f(xi,a) + 6(f(xi—h a) — f(ws, a)), (7)

re f(z,a) 3a1aer 3BOMONMIO Kaz10ro 31eMenta nenodku. s f(r,a) = 1 — az® 31o npe-
00pa3oBaHKe B 3aBUCUMOCTH OT 3HAUEHMH IapaMeTpOB @ M & IPOABJIseT IMUPOKUil CIeKTP
IPOCTPAHCTBEHHO-BPEMEHHOTO IOBEJCHNd, K KOTOPBIM OTHOCHTCA IPOCTPAHCTBEHHBIH XaoC
1 TIEPUOJUIHOCTH [0 BPEMEHH, TIPOCTPAHCTBEHHbIE (M BPeMeHHbIE) MePHOINYECKHe U KBA3H-
NEePUOIMYECKe CTPYKTYPbI, a TaKKe ONpPEe/Ie/IEHHbIE TPOCTPAHCTBEHHO-BPEMEHHbBIE (DOPMBI.
B uncio mocae aux BXOAAT pas3JudHbe BUABI OOpPa30OBAHUIL: OT OTIEILHBIX CTPYKTYDP, OKPY-
JKEHHBIX Xa0COM, JIO PA3BUTOIl NPOCTPAHCTBEHHO-BPEMEHHONH XaOTHIHOCTH.

OueBuaHO, YTO JJIs1 JIFOOOH HEMOYKH HEOOXOAMMO YKa3bhIBATH €€ IMOBeJIeHNe Ha IDaHUIE.
HawubGostee qacTo ncciepyeMbiMu CHCTEMAMU SIBJISIIOTCS CBsI3aHHBIE OTOOParKeHusi CO CBODOI-
HBIMU TPAHUIAME HJIA MEePHOJNYCCKHMH TPAHUIHBIMEA yCaoBuaMHu. CBOOOMHDBIE ITPDAHUYIHBIE
VCIIOBHSL 33/IAI0TCST COOTHOIIEHUAME Lo = Ty 41 = 0 (wm 29 = 0 ayist cucrem suga (7)). [pu

NEPUOIMYECKUX TPAHUYHBIX YCJIOBHSAX HEOOXOAUMO TOJOKUTH T = Tyik, k= 1,..., N.



Ecnun mapamerpsl oToOpazkeHuii B pelieTke pa3audHbl, TO TaKas CHCTeMa yKe He Oyaer
OJTHOPO/IHOM, W ee MCCJIeJ0BaHUE sIBISIeTCS HAMHOTO 0O0JIee CJIOKHOM 3aaqei [9] [TpakTuye-
CKHM BO BCeX paboTax, MOCBSIIEHHBIX U3y4YeHn0 Anddy3n0HHO B3aUMO/IEHCTBYIONINX 0TOOpa-
JKEeHUil, UCCAeNYIOTCs (M, KAK MPAaBHJIO, TOJBKO YHCICHHO) OJHOPOAHBIE perreTKu. OHAKO,
OYeBUJIHO, ¢ (DU3NIECKON TOUKH 3PEHUsT OJHOPOJHOCTH MPOCTPAHCTBA (B JAHHOM CIIydae
UJIEHTUIHOCTh BCEX 3JIeMEHTOB WJIM 3HAUYeHWil MmapaMeTpOB B COCTABJIAIONIUX PeIeTKy 3Jje-
MEHTaX) — 9TO WJIeaJn3alisi, MPUHATAS JJIs YIPOUIeHHs aHaau3a. [109ToMy mpejcTaBiser
OOJIBIIION HHTEPeC OIpe e TuTh, KAK KaUeCTBEHHO Oy/IeT U3MEHAThCS JTUHAMUKA CUCTeMbI PU
nosiBJIeHUN HeoHopoaHOoCcTeil. [Ipn 3TOM HEOTHOPOIHOCTH MOTIYT OBITH CaMble Pa3JIUYHbIE:
OT OTJEJIBbHBIX JIe(PeKTOB /10 MEePHOANIECKON HEOIHOPOIHOCTH 10 BCeMy mpocTpaHcTBy. [lo
nedeKTaMu B JAHHONW paboTe MOHUMAETCS OTINYNe 3HAYEHUil MapaMeTpoB B HEKOTOPBIX dJ1e-
MEHTaX, COCTABMIONUX penreTKy. HekoTopbie mpuMepbl TAKUX HEOTHOPOHBIX PACIIpe/Ie/IeH-
HBIX CHCTEM PACCMOTPEHBI B MOCJeHEell YacTh JaHHOi PabOThI.

C MareMaTHdecKoi TOYKU 3PEHUs] PEIIeTKH CBSI3aHHBIX OTOOpaKeHUil ¢ KOHEUHBIM THC-
JIOM 3JIEMEHTOB IPEJICTABISIOT COOOH TMHAMIIECKYIO CACTEMY C KOHEIHBIM YHCIOM CTeleHei
¢B000/1bI. POpMAIBLHO JIJIsI TAKUX CUCTEM pa3paboTaH OGorarwiil anmapar aHAJIUTHIECKOTO U
qucaeHHoro uccaegoBanus. Oanako, ecainm N JI0CTATOYHO BEJIUKO, BBIUYUCICHHE OCHOBHBIX
XapaKTEePUCTHK JTUHAMUYIECKOW CHCTEeMbI JIMOO OYeHb I'POMO3JIKO, JIUOO B MPHHIAIE HEBO3-
MOKHO. Bosee Toro, MHOrne BeJIMYHUHBI, KOTOPbIe HEOOXOJIMMO PACCUUTATH s JUHAMEIIE-
CKHUX cucTeM (MeTpHYecKasi SHTPOIHUs, CIeKTp Tmoka3areseil JIsmyroBa, ckopocTh yObIBaHUS
BPEMEHHbIX KOPPeJISIHA U JP.) OTPazKaiT XapakTep ee aCuMNmMomusecko2o nosedenus mpu
t — oo u B nesom 1o npocrpanctBy [10,11]. OgHAKO JIsi CHCTEM CBSI3aHHBIX OTOOpazKeHHiH
3HAHWE YKa3aHHBIX BEJWYUH HE MPEJICTAB/seT 3HAYMTE/ILHOIO0 HHTepeca. bojee BaykHO Haii-
TH XapaKTePUCTHKHU, OIPeIe/Idioline JOKaJIbHbIe CBONCTBA TAKUX CHCTEM W WX JBOJIIOIHUIO
BO BpeMmeHH. P aBTOpOB mpejarain CIOCOObI HAOIOAEHUs 3a BOJIONHEH pPemeTouIHbIX
Mojiesieil OT MeTO/I0B BU3YaJIbHOI'O aHAIN3a JI0 pacdera JIOKAJbHBIX IMoKa3aTesneii JIsamyHoBa
(em., Hanpumep, [12,13] u nuTHpyeMyo TaM JUTEpaTypy).

B gannoit pabore pa3BuBaeTcsi HOBbIIT METO/ aHAJIN3a PENIeTOK CBA3aHHBIX OTOOPaKeHUit,
MO3BOJIAOIIEH OIIpeIe/IATh MOBEJeHNEe OTAETbHBIX JeMEHTOB U JIMHAMUKY BCeil CHCTEMBI B
nemoM. OH TO3BOJSIET, B OTJIHYHE OT JPYTUX METOJ0B HCCIEeI0BATh JIOKAJbHOE MOBEICHHE
OT/JEJIbHBIX JIEMEHTOB PACIPeIe/IeHHON CUCTEeMbI U IBOJIIONNIO TI00AJIHHON JTUHAMUKU BCE-
ro ¢a3oBoro mpocrpancTBa. Meroa ocHOBaH Ha pa30HeHHH BCErO BPEMEHHOIrO HHTepBasIa
Ha KOPOTKHE OTPE3KU BPEMEHH, Ha, KOTOPBIX MPOBOIUTCS aHAJIN3 CTEINEeHN HEIePUOTUIHOCTH
TPAEKTOPUii BCEX JEMEHTOB PEIIeTKH. DTO JaeT BO3MOMKHOCTH OINPEIe/IsaTh 00pa30oBaHue
obJracteit CMHXPOHU3AIMN, UX BPEMEHHON 1mepuoj, TpaHcdOpMaIMi0 CO BpeMeHeM W pa3py-
IeHne MyTeM MPOCTPAHCTBEHHON «xXaoTu3anuu». /laHHas paboTa gBIsIeTCsS MPOJIOIKEeHIEM

HCCIeJOBAHUI HEOHOPOJHBIX PEIIETOK CBSI3aHHBIX OTOOpayKeHuil, HauaTeX B [9)].



2 JlokajibHbBIA KpUTEepUil AMHAMUKU CBA3aHHBIX OTO-
OparkeHmnii

Xors HacTosIasi paboTa MOCBSIIEHA UCCIe0BAHNIO OJITHOMEPHBIX IEN0YeK CBSI3aHHBIX OTO-
OpakeHuil, Ipe/JICTaABIEHHBI B JaHHOW YACTH METOJ MOXKeT OBIThL UCIOJIL30BAH /I UCCIe-
JIOBaHUsI U MHOI'OMEPHOIO ciydas. [lo mocrpoerunio, 3T0T MeTo/1 MO3BOJISIET aHAIN3UPOBATH
COCTOSTHTE dJIeMEHTa MPOCTPAHCTBA paclpene/IeHHOI CHCTeMBI HA HEKOTOPOM MaJIOM OTPEe3Ke
BpeMeHH Ha OCHOBe 3HAHHS BpeMeHHOI MOC/Ie10BaTeIbHOCTH B JTAHHON TOYKe.

B npomecce Bpemenudii 9BOTIONUN 3HAUEHHS KAYK/IOIO SJIEMEHTa PelleTKH B IOCIeI0Ba-
TeJbHbIe MOMEHTHI BpeMeHu 00pa3yioT BPEeMEeHHON psiji:

1,2 .3 n
O s S A (8)

rjie ¢ — HOMep 3JJIeMeHTa, a N — JHUCKpeTHoe BpeMms. [[jiss TOro, 4ToObl BHISIBUTH HEPUO-
AUYIHOCTD 9TOI'O psAda U ONPEeAe/JINTh KaK U3MeHAeTCdA CTEIIeHb IMePpUuoOJuIHOCTH CO BpeMeHeEM,
HEOOXOIUMO, OUYEBUIHO, B3SITh TOJHKO HEKOTOPBIH OTPE30K 3TOTO psga U IMOMBITATHCA BBI-
SICHUTH HACKOJIBKO JIAHHBIN OTPE30K psia OJU30K K mepuoamdeckomy. PazdbuBasi Bech psij
HA TTO00HBIe HEDOIBITNE OTPE3KH OJIHOI JTMHBI MbI IPOU3BOINM OMPeeIeHHOe Orpyd/IeHne
0 BpeMeHHU. AHAIU3UPYsl MEPUOJAUTHOCTD Psi/la HA KAKJIOM TaKOM OTPE3KE W BbIpazKas ee
HEKOTOPBIM YHCJIOM, MOYKHO IPOC/TIETUTH IBOTIONUIO JAHHONR XapaKTEePUCTUKH TIPHU IIepexo/ie
OT OJTHOTO OTPe3Ka K JIPYTOMY.

Onumrem Tenepb JaHHYIO Hporueaypy Oosee moapobHO. ITycth TN — KOIMYIECTBO 3/1eMeH-
TOB B psijie, T.e. L1, T, ..., Ty (s yI00CTBA MBI OMyCKaeM HHJEKC i 0003HAYAIONIUI ero
nojoxkenne). Pa3obbeM ero Ha OJMHAKOBBIE BpEMEeHHBIe HHTepBasbl T. Beibepem T' u T Tak,

qrobbl T = k7, riae k — Hekoropoe 1eJoe. Ternepb ucciaeayem Kark /bt KyCOK psija JJIUHOW T

HA NEePUOJIMIHOCTD. J[JIsi 3TOr0 ¢ KayK/IbIM OTPE3KOM PsiJia X1, - . . , T HPOJIEJIAEM CJIEYIONLY IO
oponenypy:
1. CpaBHUM ero co crenuaabHO MOCTPOEHHBIM PSJIOM T, T1, X7 ...,T1, T.. TAKAM, BCe

9JIEMEHTHI KOTOPOTO PaBHBI Xp. Pe3ysbrarT cpaBHEHUS BuIpa3uM B Buje 4uciaa Aj. Crmocod
BBIUHC/ICHUSA A Oyaer mnpejcraBien Hike. Ceifdac moka Jjid HAC BaxKHO, YTOOBI A; obJia-
JTaJI0 CJIeIYIONIMM CBOICTBOM: U€M A; MEHbIIe, TeM OTPe30K psjia OJu:Ke K MOCTPOCHHOMY
r1,r1,Ty...,21.

2. CpaBHUM HCKOMBI PSIJT C PSIJIOM L1, Lo, L1, L9y« - -, L1, L2, - - ., T.€. C COCTOSANAM W3 TIe-
PUOJIMYECKHX IOJIOCTeI0BaTe/IbHOCTell nepuoia 2. Pe3ynibTar BhIpasuM IUCIOM .

3. IIpogemaeM aHAJOTHYHYIO OIEPANMIO s PAJIOB, COCTABIEHHBIX U3 TPEX JIEMEHTOB
T1, T2, T3, 9ETHIPEX 3ICMEHTOB T, T2, T3, T4 W T.J. BILIOTb JI0 T, T2,...,Tr/2 . Pe3yabTaTHI
CPaBHEHUSA TaKzKe BBIDA3UM YHCTAMHU A3, A4, . . ., Ar/2, KOTOPbIE BHOBDL OyJIyT OTpazKaTb HEKO-
TOPYIO CTeleHb OTKJIOHEHUs MCCIeLyeMoro psaaa (8) oT MOJEIbHOrO, COCTABIEHHOIO U3 OT-

JeJbHBIX ITOCJIEeJ0BATC/JIHBHBIX €TI0 JIEMEHTOB.



4. Haiimem Bemaunny

A= )\mzn :min{)\l,)\g,...,)\T/Q}. (9)

B obmemM Bue CpaBHUTENBHBIN IIOKA3aTeIb A, s KayKJI0ro p = 1,...,T/2 BHIYHCIAETCS

KaK

T 2
_;1 (1‘1 — 4§ mod (p—l—l))
Ap = T—p (10)

Jlerko Bugern, 9T0 A\, — 3TO CpeHeKBaIPATHIHOE OTKIOHEHHE JIEMEHTOB OCTATKa NCXOIHO-
ro pAda Tpii, ..., T, OT MOAETHHOTO MEPUOTUICCKOTO PATA X1, L2, ..., Tp, L1, L2, - ooy Tpy .-
Cormacuo (10) npu kazkaoM p BermoaHsiercst A, > 0. ZIcHO, 9T0 ecitu [J1st HEKOTOPOTO P UMeeT
MECTO PABEHCTBO Apin, = Ap = 0, TO paf 1, ..., T, ABIAETCA NePUOIUIECKIM C TIEPHOIOM,
KpPaTHBIM p. UTOOBI TOYHO ONpEIETUTh IMEePHOJ HCXOMAHOTO PAa, HEOOXOJUMO OCTAHOBUTH
Ipolelypy BBIMUCIEHHA IOKa3aTeseil \, Ha IepBOM 3HaUYeHUHU p, IpH KOTopoM A, ~ 0. Ec-
JIM, OJHAKO, B IIPOIECCE BHIYUCACHHs HOIydnM A = min{A;, Ag, ..., A;/2} > 0, TO MOXKHO C
OTIPE/IEJIEHHOCTHIO CKA3aTh, 9TO P X1,..., L, HEe OyJAeT MepHOIMIeCKuM. JHAUEHUE P, Ha,
KOTOPOM JOCTHTAETCS MAaHHBI MEUHUMYM, MOXKHO HAa3BaTh MMEPUOJIOM, KOTOPHIl MPHOINKAET
JIAHHBI anepuogndeckuii pga. PaccuuraB 3HaveHus A 11 OTAEJTbHBIX OTPE3KOB BEJUYUHBI
T, MOXKHO MPOCJIEIUTH UX JUHAMUKY Ha BCeM NpoMexkyTke jiyiuabl 1. Borauciss A u ne-
PHUOJIBI, HA KOTOPBIX JOCTHTAETCS MUHUMYM, JIJIS BCEX TOUYEK IEMOYKU, MOKHO (MDHEKTUBHO
BBISBIATH O0JACTH CUHXPOHU3AINMH B IIPOCTPAHCTBE PACCMATPUBAEMON CUCTEMBI CIIETLIeH-
HBIX OTOOPaXKEeHUI U JIMHAMHUKY OTJIEJbHBIX 3JIEMEHTOB.

JIerko MmoHsiTh, 4TO MpeJjIaraeMblii METOJ| aHaINu3a PENIeTOK CBSA3aHHBIX OTOOPArKEeHMUIT,
CTOPOTO TOBODPS, He SIBJIAETCS TOYHBIM. Bo-mepBbIX, HEOOXOIUMO yIAYHO BLIOPATHL 3HAYEHUE
T, T.e. JJIHIHY aHAJU3UPYEMOro OTpe3Ka. JTO MOYKHO ClleslaTh, BBIYHC/IAS HAOOPLI A, I
Pa3/IMYHBIX 7, BBISIBUB TaKUM 00pa3oM Haubosee mojxojsinee 3uadenue 7. Ipyrum mejo-
CTATKOM SBJSETCSI TOT (PAKT, UYTO MOKAZATETb Ayyip OYIET MOJOKHUTETHHBIM IS 37IeMEHTOB,
JIMHAMUKA KOTOPBIX KBa3WIEepHOANIHA. TeM He MeHee OH Oy/IeT JTOCTATOYHO OJM30K K HYJIIO,
TaK KaK KBa3WONEPUOJIMYECKOE JIBUKEHUE MOYKHO CKOJIb YIOJHO TOYHO MPUOJIU3UTH MEPUO-
quaeckuM. OTHAKO MOCKOIBKY HAC WHTEPECYeT KAadeCTBEHHAs KAPTUHA PACTIPEICTCHUST Apy,in

a He KOHKpeTHbIe 3HaYCeHHA, TO ﬂaHHbeI HEJOCTAaTOK He ABJIAEeTCAd CTOJJIb CYHIeCTBEHHDBIM.

3 IIpumepbl OJTHOPOAHBIX CHUCTEM

[IpoaemoncTpupyem 3(pHeKTUBHOCTD MPEJII0KEHHOTO METO/1a, Ha HEKOTOPBIX XOPOIIIO H3BECT-

HBIX IIpUMepax.



3.1 IloTrokoBas MoOI€eJIb

B kauecTBe MepBOil CHCTEMBI HCCIIEIyeM PA3JINYHble BU/bI JUHAMUKE TOTOKOBON Mozeru (7).
Kak yxke ynomuaanoch, nenodka (7) obaagaer MUPOKKM CIHEKTPOM DPA3JINIHBIX DEKUMOB
OBEIeHNs B 3aBHCHMOCTH OT CTeIleHH HeTHHEHHOCTH, 3aJaBaeMoii mapaMeTpoM a, U 3Hade-
HueM Kodddunuenta nuddysun €. boree Toro, MoKHO aHATUTHIECKH BBITUCJIUTH HamboIee
MPOCTHIE BHJIBI MIPEIEJIHHOTO oBeaeHnsi. OCTAaHOBUMCS HA 9TOM MTOIAPOOHEE.

I/ICCJIG,ILyeMyIO MOJEJIb MOKHO BbIPDAa3UTh B BH/I€ UTEPAIUOHHOI'O COOTHOIICHUA:

Thyr = f(@h,a) +e (f(ai7a) = f(ah, ), i=1,...,N, (11)

rjie n —— JUCKPEeTHOe BpeMs, i — IpoCTpaHcTBeHHas koopaunata. [Iycrs f(x,a) = 1 — az?,
a KaveCTBe I'PpaHUYIHBIX yCHOBI/Iﬁ BO3bMEM 5170 = 0, XO0Td KOHKPETHOE 3HaY€HUE HE BJAUACT Ha
Pe3yIbTAThl KAUeCTBEHHOTO HCCIeT0BAHNUSI.

Obmiee cocrostaue cucreMbl (11) B MOMEHT BpeMEHH 7, OUYEBUJIHO, 3a7aeTcsi N-MepHbIM
sektopom &, = (zl 22, ... zN). Cnenosarenbno, qunamuka Beeil HENOYKH BbIparKaeTcs
HEKOTOPBIM TIpeobpaszoBanueM (as3oBoro npocrpanctBa X B cebs: F: X — X &1 = F(&,).
13 mocrpoenus Mogenu acHo, uto F' = go f (em. (1) u (2)). @opMaabio (cM. BBIIIE) pe-
merka (11) siBasgleTcss AMHAMUYECKOH CHCTEMOl ¢ JAMCKPeTHBIM BpeMeneM u N cremeHsiMu
cB0bOb1. Clre10BaTEILHO, U3YU€HUE YCTONIMBBIX CTAIMOHAPHBIX U MEPHOUIECKUX COCTOSI-
HUil CBOIUTCS K AHAIN3Y CIHEKTPa COOCTBEHHBIX 3HAaYeHn MaTpuinpl fIkoou DF' u ee cremeneii
DF(”), IJle p — 3HAYEHHe HCCIelyeMOoro mepuoja. Tak Kak B JajbHeiIeM HaM TOHAT00UTCS

BbIpazkeHue Jijisi MaTpuiibl D' BbIuIeM ero siBHO:

—(1 —&)2az’ 0 0 0
5 —(1 — £)2ax? 0 0
0 £ —(1=¢)2az® ... 0
DF(¢) = . . . (12)
5
0 0 0 oo —(1—¢)2azN

Bamerum, uro marpuna DF' apiasiercs Tpeyroabhoii. OTCoaa cieayer To, 9TO BCe ee CTerneHn
DF?) takske SIBISIOTCS TPEYTOMBHBIMI MATPUIAMI.

BolumcninM Temepb OJHOPOJIHBIE CTaluoHApHBIe cocrosuusg momaeau (7). OaHOPOIHOCTD
o3HavdaeT, 9To npu Jawbdom ¢ = 1, ..., N BbIO/JHSIETCS xﬁl = T,, & CTalliOHAPHOCTb BbIpazKaer
HE3aBUCUMOCTDL OJIHOPOJHOTO COCTOsiHUsI OT Bpemenu, T.e. xi = x% = x*. CienoBare/bHo,

3HAUeHUs x* JOMKHBI IOJINHATCS YCIOBHIO:
¥ = f(z*a) +e(f(2*,a) — f(z%,a)) = f(z¥,a). (13)
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NHbIMEI CTOBAME, ¥ — 9TO HEMOABUZKHBIE TOYKU OTODpazKeHus, 3aaasaeMoro f(x,a):

. 1+ 1+4a

x 14
= (14)
Taxum o6pazom, cucrema (7) obaagaer ABYMst OMHOPOJAHBIME cocTosiHusIMI: &1 = (2], 27, .. ., x])
u & = (x5, 25, ..., 2%). VIX ycTOWIMBOCTE ONpeIeisieTcs BeTMIHHAME COOCTBEHHBIX 3HAYEHWH

matpur, DF (&) u DF(&). Tlockonbky DF(€) — tpeyronbhast MaTpuiia, 1o u3 (12) Haiimem,
91O BCe COOCTBEHHBIE 3HAUYCHUA \; = A\ = —(1 — &)2ax] ana &, u \; = A\ = —(1 — £)2ax}

st £. Cocrostanust &) u & yeroitauser ecin |Ay 2| < 1. Vom

-1 < —(1=¢)2az; < 1,

(15)
—1 < —(1—¢)2az; < 1.
[ToncranoBKa x] X5 NPUBOAUT K COOTHONIEHNUSIM MeXK/1y TTapaMeTpPaMu a | €:

1 ! <e<l1l+ ! 1

- < N JIsd X7

1++1+4a 1 +vVitda 001
(16)

1 1
l———<e<1+ JIST 5.

V1+4a—1 vV1+4da—1

Hns e € [0;1] uw a € [0;2] pesyabrar Beruucaenus obmacreii (16) mpexcraBien wa puc. 1.
Ob6aacru, obozuauennbie S1 1 52, COOTBETCTBYIOT YCTOIYMBBIM TOYKAM T U Tj.

[lenouka cBsi3aHHBIX OTOOpazkenwuii (7) obJajaeT B MIMPOKOM JHAla30HE MapaMeTpOB
(a,e) eme oAHUM 3aMevATETHHBIM TUIIOM MEPHOJMYECKOrO TOBeJeHus. B obgacTu 3HAUE-
uit a € [1,6;2,0] 1uHAMUKA BCell CHCTEMBI TPOSBISET TAK HA3BIBAEMOE 3UI'3ar000pasHoe
JBHZKEHNe, TP KOTOPOM IMOBEJIeHHe BCeX JIeMeHTOB (inbo GOIBIMMHCTBA U3 HUX) 00Ja1aer
[UKJIMYHOCTHIO MEPHOoJIa 2 KaK 110 MPOCTPAHCTBY TakK U MO BpeMeHu. TpaeKkTopuu OTaeIbHBIX
TOYEK MPU TAKOM TOBEJEHUU SABJIAETCSA 2-TIePUOJUIECKAMEI, HO COCETHUE SMEMEHTHI OCIHII-
JIMUPYIOT B MPpOTHBO(DA3eE.

[Tpoanayim3upyem MOMOOHOE COCTOSTHUE aHAIUTHYECKH. [leprom 2 B KayKJIOM 3IeMeHTe
BBIDAYKAETCS JBYMSI 3HAYEHUSAMH T U To. LIMKIMIHOCTH MO MPOCTPAHCTBY U 1O BPEMEHU

OTpa}KaIOT CﬂeﬂyIOHlI/Ie COOTHOIIIEHUT:
ry = (1 —¢)f(z1) +ef(22),
(17)
r1 = (1 —¢)f(z2) +ef(21),

re s yaobcTBa nHAYe mepenucaHa npasas dacthb cucrembl (7). Pemras coorromenust (17)

1 UCKJIIOYad IPHU 3TOM OJHOPOJHLIE COCTOAHUA X1 — X9, IMOJTYIUM:

14 \/4(1 - 26)2a + 4 — 3

2(1—2¢)a (18)

T12 =



YCTOiIrBOCTD HAfiIEHOTO MEPHOIUIECKOTO COCTOSHHSI MOXKHO OMPEIEeTUTh M3 aHaIn3a co0-
CTBEHHBIX 3HAYEHWil MPOM3BEIEHUST MATPHIL DF(fI)DF(é), rae DF onpenensiercs (12), a
& = (1, 29,...,21,%e,...), & = (T2, 21, ..., T2, L1, . ..). OUEBUIHO, MIPOU3BEJEHIE TPEYTOIh-
upix Marpun, DF(&) u DF (&) — tpeyronbuas marpuina DF?2. Ha auaromamu DF? pac-
IOJTOZKEHbl IPOM3BEICHHS ATOHATBHEX dmeMentos Marpui, DF(€)) u DF(&,). [osromy

cobcTBeHHbIe 3HadeHnst DF? MOXKHO 3amucarh Kak
N = A= (1—¢e)f'(z1)f(22) = (1 — &)*4a’s 2.

Orcrona, ¢ yaerom (18), naiigem

4(1 —¢)?
A= ——2 —4(1 —¢)?a.
(1 —2¢)? ( )
OxoHUaTeIbHO /I MMOCTPOEHHUs ODJACTH, TIe HaOJI0JIAeTCd 3UIr3aroodpas3Hoe IOBeIeHue

(21, 22), HEODXOIMMO YIECTh CHCTEMY HEPABEHCTB

4(1 = 2e)?a+4e — 3 >0,
(19)
—1<A<1,

OTPAKAIOILYIO YCJIOBHS €ro CYIIeCTBOBAHUS M YCTOYMBOCTU. BBIYHC/IEHHE C yYETOM JIOMOJ-

HUTEJbHBIX OrpaHudenuil Ha napamerpsl (a € [0;2] & € [0;1]) mpuBogur K ciemyromemy

COOTHOIIIEHHUIO:
4(1—¢)3 = (1 —2¢)? cu< 4(1—¢e)3 4+ (1 —2¢)?
a
4(1 —e)?(1 — 2¢)? 4(1—2)%(1 —2¢)2 °
(20)
S 3 —de
a —_ .
- 4(1 —2¢)?

Pesynbrar nocrpoenust obaactu (20) nokasan Ha puc. 1, rae obo3naven yepes Z. Kak ciemyer
U3 3TOI'0 PUCYHKA, 00/IACTh 7 MOYKET MepPeKpPBIBAThCS ¢ obaacTaMu S1 u S2 cyliecTBOBaHU
YCTONYIUBBIX TOYEK. DTO O3HAYAET, U9TO MPU HEKOTOPHIX (PUKCHPOBAHHBIX 3HAYEHUSIX ITAPA-
MeTPOB @ W £ W3 obJacreil mepecevenns npejesbHoe cocrosinue nenodkn (11) 3aBucut or
HaYAIBHOTO pacnpeenenns {zh}Y . JlunaMuKy TaKuX HEMOINEK HAZBIBAIOT MY/TLTUCTAOUIIb-
HOW.

BO BCeX BBIYUC/ICHUAX CTAIUOHAPHLIX W NEPUOJUICCKUX COCTOSIHUN U UX YCTOﬁqHBOCTH
(em. (13), (15), (17) u (19)) He yuurbiBamOCH 3HAYEHUe rpanuIHOrO yeaosug z° = 0. Mnaue
rOBOP#, BCE Pe3yJIbTaThl OBLIH MOJIYYeHBI B OTCYTCTBHE I'paHUIbl, T.e. mpu N — 0o. Oa1HaKO
OHH XOPOIIIO OTPArKAIOT KAYeCTBEHHYIO KapTHHY JAWHAMUKH Henodku (7) u HabJIIOJAr0TCs
nIpu 9YUCJIE€HHOM MOJAE/JIMPOBAHUMU. BOJIee TOro, B JaHHOM KOHTEKCTE€ MOXKHO CKa3aTb, 4YTO
FPAHUYIHOE YCJIOBHE SIBJISIETCS HEKOTOPBIM BHEITHMM IOCTOSHHBIM BO3MYIIEHHEM CBSI3aHHBIX

oToOparKeHuit, KOTOPOe KOPPEKTUPYeT JIMHAMUKY MPeIeIbHOTO COCTOSTHMUS.



[Ipu Goabuioit pasmepuocTu N MOBEJIEHHE CHCTEMBI SBJISETCS CYNIECTBEHHO MYJIBTHCTA-
OWJIBHBIM. DTO BBIPAYKAETCS B TOM, UTO JIUHAMUKA, TPAEKTOPUH CUJIBHO 3aBUCHT OT 00JIACTH,
U3 KOTOPO#l GblI0 BRIGpaHO HauaabHOe yciaosue (x),z2,...,z)). Anamus ycroituuseix pe-
1IeHnii MPOBEIEHHBIIl BbIIe, HUKAK HE OTPAsKAET COOTBETCTBYIONIUX 00/IaCTell MPUTIKEHNS.
[TosTOMY BBIXOJ HA 5TH COCTOSIHAS JazKe MPU TOUYHOM BBIYUCIEHUH (C YI€TOM IDAHUYHBIX
YCJIOBHI) MOKET ObITh 3aTPYAHUTEIHHBIM.

OueBu1HO, GOrATCTBO BO3MOKHBIX DEKUMOB TI0Be/IeHUs cucTeMbl (7) OTHIOAb HE OrPAHU-
anBaercs pemenusivu (14) u (18). g uutiocTpanun pa3Hoodpasns THHAMAKA 1enodkn (14)
¢ f(z,a) = 1 — az® upusesemM pe3y/bTaThl YUCICHHBIX SKCIEPUMEHTOB JAHHON MOJENH Ha

OCHOBE KPHUTEPHSsI, OMUCAHHOTO B §2.
l.a=1,7,¢=0,45.

B menouke HaOIIOMAETCA BpPEMEHHAS MEPUOINIHOCTH M YIBOEHHE MEePHOIa MpH Iepe-
JIBUZKEHUU OT dJIeMEHTa K JIeMEHTY CjIeBa HampaBo. [Ipu 9ToM OHAKO, 3HAYEHUS dj1e-
MEHTOB 2 pacHpeie/ieHbl Xa0THIECKH B MPOCTPAHCTEE. DTO WLTIOCTPUPYET PHC.2, TJie
C7IeBa MOKA3AHBI 3HAYEHHs MOKA3ATeIst A B 3aBUCHMOCTH OT HOMepa 3jeMeHTta (To-
pU30OHTAJIbHASL OChb) W BpeMeHH B Macuitabe 7 (BepTHKaJbHAs OCh), a CIIpaBa — CO-
OTBETCTBYIOIee 3HAYEHUE MEePHOJOB p. HeM MeHbIle 3HAYEeHHs BEJIUYUH A U P, TeM
TeMHee COOTBETCTBYIOILadA TOYKa Ha Fpa(i)I/IKe. CaMbIM TEMHBIM TOYKaM JUal'pPpaMMbl
nig A coorBercTBYeT A = (. Jlerko BueTh, 9TO 3HAYEHHUA A JIJIS BCEX JIEMEHTOB U BO
BC€ MOMEHTBHI BpEMEHU HYJIEBbIE, a 3HaYCHH A IMMEPHUOAO0B IIPU ITOM YABaAUBAIOTCA CJle-
Ba HaIPaBO BILIOTH J0 p = 32. J[yisg aHa/in3a MPOCTPAHCTBEHHON KapTUHBLI HA PUC.2
TaKyKe TTOKA3aHBl BeJIMUMHLI o' B HEKOTOPHIE IOCAeI0BATETbHBIE MOMEHTHI BPEMEHH.
VIHTYUTHBHO SICHO, UTO B JAHHOI IEIOYKe HAOII0IAeTCI MPOCTPAHCTBEHHBIN Xaoc. Bo-
Jlee CTPOTO 9TO MOZKHO MOJATBEPAWTH HA OCHOBE AHAJIMW3a CTAIMOHAPHBIX COCTOSIHUI
IPU OMOIIH CIENHaJIbHO MOCTPOeHHOTo oTobpazxkenus (cM. [5]). Bosee meranproe ne-
CJIeIOBAHIE TAKOI'O COCTOSHHUS MMOKA3aJI0, YTO 3HAUYEeHHe MAKCHMAJBLHOIO IEepHoaa, JI0
KOTOPOr'0 MPOUCXOMUT YJABOEHHE, 3aBUCUT JIMIIb OT @ U €, a HOMED 3JIEMEHTa, MOCITe

KOTOPOT'O MpeKpallaercs JajbHeiiliee yaBoeHue, yBenduBaercs ¢ poctom N.

2. a=1,7;2=0,11595.

[Ipn naHHBIX 3HAYEHHSIX CTEEHW HEeJMHEHHOCTH W CHJIBI CBSI3W aBTOpamu paboThl [8]
ObL710 OOHAPYZKEHO MOBe/IeHNe, IIPU KOTOPOM OOJIBIINHCTBO 3/IEMEHTOB IIPOABIIAIOT 3UT-
3aroobpasHoe JIBUZKEHHE, & OTAeIbHble eINHHYHBIe TOYKH, PABHOOTCTOSAIINE JIPYT OT
apyra, — xaoTmdeckoe. IIpm sToM paccTosHEe MeXKIy XaOTHYECKIMH «IedeKTaMim»
JIOrapupMUUIECKN 3aBUCHT OT BEJIUYUHDBI € — £, Ijie £, &~ 0, 11525 — HeKoTopoe Kpu-
Tnveckoe 3Havenne. ONUCAHHOE sIBJIEHHE OTPAaXKEHO Ha puc. 3. Xaorndeckue jedeKTst
BBIPaZKeHBl YeTKAMI «MUTAIOMIMI» JTAHISMA I PACCTOSHAE MeZK1y HUMHI MOXKeT OBITh

JIE'KO ITOCYUTAHO.
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3.2 KouablieBas 1emnodyka KBaJApPaTHIHBIX OTOOparKeHuin

B kadyecTBe BTOPOrO MpuUMepa PACCMOTPUM OJHOMEDHYIO pererky Buaa (5):

) . 1 . ) .
"E:H-l L f(x:w CL) + ig(f(x; 17 a) - 2f(x:w a) + f(l‘;j_l, a))a (21)
rne f(z,a) = 1 — ax?. Cucrema (21) MHTEHCHBHO HCCaegOBaIach panee B paborax [1-3],

rie ObLIO Haii/leHo, 9TO OHa 00JialaeT OOJIBIIMM Pa3HOOOPa3reM BO3MOYKHBIX PEKHUMOB IO~
BEJEHUS: OT CHHXPOHM3ANNN IPOCTPAHCTBEHHBIX CTPYKTYP JI0 HOTHOCTHIO PA3BUTOI TypOy-
aerrnoctu. Anasormano nenouke (7), qunamuka (21) cymecTBEHHO 3aBHCAT OT 3HAYCHUIT
mapaMeTpoB @ u £. PaccMOTPHM HEKOTOPbIe W3 BUJIOB €€ MOBEICHHS, AaHAJU3UPYS TPACKTO-
pUH TOUYEK IIyTeM BBIUHCICHHS MoKa3aTesneil A (cM. §2) n 3HaUeHHil IepHOIOB P B pa3IHIHbIE

IIPpOMEZKYTKH BPEMEHH.

1. a=1,44;¢ =0,1.

B 3aBucuMocTu OoT HaYaJbHBIX YCJIOBUN B MPOCTPAHCTBE 00PA3YIOTCS yCTOWYHMBBLIE BO
BpeMeHu 00JIaCTU ¢ pPeryJisspHoil u Heperyaspuoit qunamukoii. He cmorpst na nuddy-
3UOHHYIO CBSA3b MEXKIY dMeMeHTaMU, KAPTUHA fABJseTcd yeToiunBoit. Takoe mosemenue
cucrembl (21) MOKHO Ha3BaTh COCTOSTHUEM <«3aMOPOKEHHBIX» CTPYKTYp. Tunmdanas
KapTHHA TAKUX CTPYKTYP IpejcTaBieHa Ha puc. 4. VI3 npusegeHHOr0 pucyHKa XOPOIIO
BH/IHA YCTOIYMBasg KaPTUHA W3MEHEHUs MOKA3aTeIsd A U COOTBETCTBYIONINE eil 3Have-

HUS TEePUOIOB p.

2. a=1,88;¢=0,3.

YBesim4yenue crerneHd HeJIMHEIHOCTH, 3a/1aBaeMoil TapaMeTpPoOM @ B OT/IeJIbHOM 0TOOpa-
Kennu f(x,a), BeJer K pa3pylIeHUIO BCeX MPOCTPAHCTBEHHBIX 00J1acTeil CHHXPOHU3A-
nuu. [Ipu 3ToM JuHAMUKA BCeil MEmOYKH, TaKKe KaK U OTAEIbHBIX 371eMeHTOB, OBICTPO
MeHSIeTCs KaK BO BDEMEHH TaK W B IPOCTpaHcTBe [1]. DTo XOpomo oTpazkaeT mapamerp
HEPEryJIIPHOCTH A, MOBEJIeHUe KOTOPOro IpejictaBjieno Ha puc.). [loxoxkas kapruna
BUJIHA W /IS paclpeeseHns MepuoioB p OTAEJIbHBIX 3eMeHTOB. B KadecTBe moaTBep-
JKJIeHHs Ha 9TOM »Ke PHCYHKe MOKa3aHO paclpeje/eHne 3HAYeHUH 2! B HeCKOTBKO MO-
CJIeIOBATEIbHBIX MOMEHTOB BpeMeHu 1. OOBITHO TaKOe MOBEIEHNUE EeTOYeK CBI3aHHBIX
oToOparkeHuil Ha3bIBAIOT MPOCTPAHCTBEHHO-BPEMEHHBIM Xa0COM WJIM, MCIOJIb3Ys Tep-

MUHOJIOTHIO HEDABHOBECHBIX CDPEJI, TIOJTHOCTHIO PA3BUTOH TYPOYIeHTHOCTBIO [1].

3.a=1,8,=0,3.

B sToMm crydae mpu cydaiiHO BRIOPAHHBIX HAYAIBHBIX YCJIOBUSIX OOJACTH PEryJIsIpHOI
1 XaOTUYIECKON JUHAMHUKHN epeMerKaloTcest Mexk, 1y coboit. [Togobnoe noseaenne HabIro-

JaeTcCd JOBOJBHO JJIUTEJIHBHOE BpeMd. O,ILH&KO B KOHEYHOM CYETe IIOYTHU BCE dJIEMEHTDI
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HEIOYKNA HAYMHAIOT BEeCTH ce0s peryaspHo. AHAIN3 MMOKA3BIBAET, UTO IEMOYKA CTpe-
MUTCA Pa3/IeJINThCA Ha A9efHKN pa3MepoM IO JIBa JIEMEHTa, B KayKJI0W U3 KOTOPBIX
JIWHAMHKA UMEET Mepruoj 2. DTO MPeACTaBIeHO Ha Puc. 6, rae 0ToOpaykeHO TOBeIeHHe

cucremsl (21) mocse npeaBapureabubix 1 527 000 urepanmii.

O6mmii ananu3 cucreM (7) u (21), OMUCAHHBIX BBIIIE, U HEKOTOPBIX JPYTUX 3HAUEHHSIX
IIapaMeTPOB MOKA3BIBAET, YTO Pa3pabOTAHHBI METON BH3YATM3ANNH JIHHAMHKH DACIPEIe-
JIGHHOHN CpeJibl, allllPOKCUMUPYEMOil perieTkaMu CIENJIEHHBIX OTOOpakeHuit, siBjsiercs -

(PEKTUBHBIM CIIOCOOOM MCCJIEIOBAHUS TPOCTPAHCTBEHHO-BPEMEHHON BOJIIOINH.

4 Amnann3 HEOJHOPOIHBIX IIENMOYEK CBA3aHHBIX OIHO-
MEPHBIX OTOOpaKeHmin

UccnenoBanme pacnpeeleHHBIX HEJUHEHHBIX CHCTEM MMOKA3aJI0, YTO HAJIUYINE HEOTHOPOIHO-
creii (1eeKTOB), 0 KOTOPBIX ILJIA PeYb BO BBEJIEHUH, MOXKET CYIIECTBEHHO N3MEHUTh XapaK-
tep nux auaamukn (9, 14]. C dopmanbHOil TOUKK 3peHusi HAJIUYIHEe XOTsI ObI OJHOTO JIeMEHTa
¢ nedekToM B permreTke CBsI3aHHBIX OTOOPAYKEHUIl yBEJININBAET KOJUYIECTBO YIIPABJISIOMIAX
napaMeTpoB. DTO MPUBOJUT K TOMY, YTO BO3PACTAET PA3MEPHOCTH MapaMeTPUIECKOTO MPO-
CTPAHCTBA PENIeTKH KaK JUHAMHIECKOW CHCTEMBbI, 9TO B CBOIO O4Yepeib, B CUIy HeJWHEel-
HOCTH 3aKOHA JBOJIIOINN, — K PACIIUPEHUIO MHOXKECTBA BO3MOYKHBIX PEXKMMOB IOBE/ICHUS.
OueBHIHO, YTO MPU TAKON CHTYAIIWMH YCJOXKHSIETCS W UX MCCIeTOBaHUE.

[TokazkeM MpHU TTOMOIIU PA3pabOTAHHOTO MeToa (M. §2), K 4eMy MOXKeT NPUBECTH HAJIH-
que onpejie/IeHHbIX J1eheKTOB B OJJTHOMEPHBIX perieTKax jJud@y3uoHHO CBA3aHHBIX 0TOOpa-
JKEHUN.

Pacemorpum nenouky (21) ¢ f(z,a) = 1—az? gmanoit N = 100, y KOTOPOii BCe T€MEHTDI
(KpoMe NeHTPAJBbHBIX) UMEIOT OJHO 3HA4YeHHe MmapaMerpa, a = a; = 1,44, a 1eHTpaJbHbIe
(c nomepamu i = 47 — 53) — wuHoe, a = ay = 1,97. [Ipu @ = a; = 1,44 u mwuporom
UAana3oHe 3HAYEHUH £ B 00HOpodnoli nenouke (21) HaGMIOMAETCS peryssipHOe MOBeJIeHue
B BUJIe MPOCTPAHCTBEHHBIX CHHXPOHH30BAHHBIX CTPYKTYD MAJIOro pasmepa (cMm. Beimre). B
ciaydae a = ay = 1,97 ogHopojnast cucrema (21) nposiBiisieT Bce CBOWCTBA MPOCTPAHCTBEHHO-
BPEMEHHOTO Xaoca. TakuM 06pa30oM, yCIOBHO TOBOPS, j1e(PeKT COCTOUT B TOM, 4TO B IEMOYKY
C pery/aspHBIM IIOBEIeHHEM BKPAILTEHb HECKOTBKO ~XaoTmaeckux’ 3meMeHToB. AHagmn3 5000
UTepanuii TaKoil MemouKy IocTe mpeasapuTenbunx 10° mpeacrapaen na puc.?. Bumno, uTo
[EHTPAJIbHBIE JIEMEHThl CHHXPOHU30BAHBI C MEPUOIOM 2, a Xa0C MEPEeMEIIaeTCs Ha JIPYyTrue
snementol. OnHako, eciu mposectd 5 - 10° mpeapapurebHBIX HTepamuii, To Xaoc OyeT Jo-
KAJN30BaH B TeMeHTaX C ap = 1,97 U HEKOTOPBIX COCETHUX IEMEHTaX CIpaBa U CJIeBa.
DTO TOBOPUT O TOM, Xa0THUYECKOe MoBejeHue Oyaromaps anddy3un pacnpocTpaHseTcs Ha,

JIEMEHTBI C peryjadpHbIM IIOBEACHUEM.
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PaccMoTpuM Tenepsb Jpyroii cayvaii HeoaHopoaHoii menoukn (21). Hamomuum, 9To cucre-
Ma (21) npu 3nadennn mapamerpa a = 1,8 u HeGonbImx 3HavYeHusX Anddy3nn £, NposBIsieT
nmepeMerkaeMOCTh CHHXPOHU3AINA W HEPEryJAsPHOTO MOBE/IEHNs KaK 1O MPOCTPAHCTBY TaK W
o Bpemenn (cm §3.2). [Tocrpoum nemouky Buga (21) st N = 100 rak, 9ro6st 50 s71€MeHTOB
MMeJId OJTHO 3HaueHue HesmHeitnocTu (@ = a; = 1,8), a ocranbubie 50 — a = ay = 1,97:
i i £ i1 i i+1
xn—l—l = f(xna al) + _(f(xn 7a1) - Qf(xna al) + f(xn 7a1))7 n-HEYeTHOE,

2 (22)

xferl = f(x:w aZ) + %(f(xibila a2) - Qf(x:za a2) + f(xi:rla aZ))a N-9€THOE.

Takum 006paszoM, B cucreme (22) 37MeMEHTBI ¢ PA3IUIHBIMA ¢ I€PEIYIOTCS B MPOCTPAHCTBE.
Suauenne mapamerpa jguddy3un € nomoxuMm paabiM 0,7. Ha oTHOCHTENTbHO HEOOTBIINX
spemenax T =~ 10* takas HeoqHOpOJHAS CHCTEMa MPOABIAET MPOCTPAHCTBEHHO-BPEMEHHOMH
Xa0C, aHAJOTHYHBI OZHOPOAHON memouke nmpu a = 1,97. OgHAKO €cim acCUMITOTHYECKT
IPOAHATU3UPOBATE JUHAMUKY (CKayKeM, MPOBECTH 5 - 107 urepanmii), To MOXKHO ODHADPY-
JKATH HEOXKUJIAHHOE sIBJIEHHE: BCs IEeIMOYKa CHHXPOHU3UPYETCsS. DTO BBIPAYKAETCA B TOM, UTO
B [IPOCTPAHCTBE 3HAYEHNIT TapamMeTpa A Hab roaeTcs peryasipHas Kapruaa (puc.8). 113 sroro
PUCYHKa CJI€/IyeT, 9TO BCILJIECKH HEPEryJasipHOCTH BO3HUKAIOT CTPOTO Yepe3 paBHbIe IMpoMe-
JKYTKH BPpEMEHH M Ha OJMHAKOBOM PACCTOAHHHU JPYT OT Jpyra. 37eCh MOXKHO NOBOPHUTH O
TOM, 9TO CO BPEMEHeM XaoC Kak Obl epeMeIaeTcs 1mo Menovke ¢ MoCTOsIHHOW cKkopocThio. Ha
pI/IC.8 BHUJIHDBI TaKZKe He6OHbH_[I/Ie 3arnyTbie OTBETBJICHUA OT NPAMbBIX JINHUMA. STO O3HavaerT,
YTO XaOTUUECKUEe BCILTECKU JIBUKYTCA HE PABHOMEPHO, a ¢ HebombIuM yckoperueM. O THaAKO
Jepe3 HEKOTOPOe BpeMsl OHU UcUe3aioT. Eciu moapobHo Hccae0BaTh 3TO SBJIEHHE, TO MOXKHO
00HAPYKUTh, YTO CKOPOCTH MepeMelleHrs Xa0THIeCKuX J1e(peKTOB CyIEeCTBEHHO 3aBUCUT OT
3HAYEHUN a1 W a9, a TakzKe oT Auddy3un €, HO He 3aBUCUT OT PaCIpPee/eHnsT HadaIbHbIX
yeaoBuii. OT Ha9aJIbHBIX YCIOBHI 3aBHCUT TOJIBKO MX HAIPAB/IEHUE JBUKEHUS.

B 3akjoveHue uccaeayeM HEOJAHOPOIHYIO KOJIbLEBYIO Henovky (21) ¢ omHuMm enns-
CTBEHHBIM ,ILGCI)GKTOM. HyCTb BCE€ DJIEMEHTDBI IEIIOYKN NMEIOT O6HIYIO CTeleHb HeJUHEHHOCTU
(a = a1 = 1,8), a nenrpaabubiii — a = ay = 1,99. Boibepem koadbdunuent auddysnu
e =0, 1. Cuauana yuenum HeGosIbIIOEe BHIMaHHKEe cucteMe (21) 6e3 medekra. Tunudanas Kap-
THHA JMHAMWKHU MOKa3aHa Ha puc. 9. B Tedenue Bceil 3Bo/OIUN OOJIBITUHCTBO JIEMEHTOB
CUHXPOHHU30BaHbl, HO IIPpU 3TOM CYHIECTBYIOT MEJIKUE <«XaOTHUYIECKHE» CTPYKTYPbl, KOTODbIE
OJTy2KJAI0T 110 TpocTpaHcTBY. Kak xopolno BUIHO Ha puc. 9, BCTpedyasich, OHU B3aUMHO YHH-
ar0katoTcst. COOTBETCTBEHHO U POXKIAIOTCst OHE mapamu. [TogobHoe moBeerue B pabore [1,
2] cpaBHMBAJIOCH C AHAJIOIOM OGPOYHOBCKOIO JBHZKEHHUSI.

Teneps mobaBum jedekT ¢ a = ay = 1,97 B nenrpe. lccrenoBanug moka3eIBaoOT, 9TO
HAJUYNe d/IeMeHTa ¢ OOJbIIell cTelmeHbio HeJTMHEeHHOCTH MPUBOJIUT K MOXOXKeil KapTuHe, 3a
UCKJIIOYEHHEeM TOT'O, YTO B IEHTPAJJbHOM 3JIEMEHTE BCerja CyHIeCTBYeT PACCTPOiKa CHHXPO-

HU3AIWHU, & KOJIMYECTBO OJIYZKIAIOMNX CTPYKTYP yBeauuuBaercs. VX quHaMuKa MmoJIHOCTHIO
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MOBTOPSAET AUHAMHUKY CTPYKTYP B OJHOPOIHON CHCTeMe C TeM JIUIIb OTJINYHeM, UTO OHHU
MOTYT TaKzKe MCYe3aTh, BCTpedasch ¢ HeHTpoM (i = 50), m poKaarhcs HA HeM. YCIOBHO
TOBOPs, JIEMEHT € JIePEKTOM SABJISIETCS 3aPOJIbIIIIEM—IIOTJIOTHTEIEM ~ OPOYHOBCKHUX  YACTHIL.
B cBa3u ¢ 9TUM HHTEpecHO BBISICHUTH COCTOSHHE TaKOil CHCTeMBbI Ha OOJBIINX BpeMeHaX.
Oka3pIBaeTCs, 9TO HE3aBHCHMO OT HAYAJbHBIX YCIOBHUU, IIPeaeTbHOe COCTOSHUE SABJISIETCS
CUMMETPUYIHBIM.

Ha pmc.10 mpencrabiena 1mogobHas KapTuHa depe3 b - 107 nTepammii, Tie 114 ya106¢TBa
nedekT ¢ a; = 1,97 mepeMenieH B 37eMeHT ¢ ¢ = 75. BuanHo, 94T0 «XaoTHdecKue YacTH-
IbI» POYKJIAIOTCS MapaMu Ha jiepeKTe U JIBUKYTCS 110 CUMMETPUYHBIM OTHOCUTEIHHOIO HETrO
TpaexkTopusiv. OHU TaKzKe MCYE3AI0T MyTeM CTOJKHOBEHUs JPYT C JAPYTOM U C JT€MEHTOM
¢ nedpekroM. OTMETHM, UTO XaOTUUECKUE HTEMEHTHI SBIAIOTCA HNPUUIMHONR HEOOTBIION pac-
CTPOMKMN CHHXPOHHU3AINHU BO BceX meMenTax. Ha pmce. 10 Buano, 9TO 3Ta paccTpoilka pac-
HPOCTPAHSETCS 10 MPOCTPAHCTBY B pa3HbIe CTOPOHBI U CXOJAUTCS MPSMO MPOTHBOIOIOZKHO

(Ha KOJIbIIE) OTHOCHUTEJILHO JedeKTa.

[IpuBeneHHBIE TPUMEPHI MOKA3LIBAIOT, YTO HEOTHOPOIHbLIE PEMIeTKH OTOOpazKeHuil 00.1a-
JaloT abCOIIOTHO HEIpeacKa3yeMbIM 0OTaTCTBOM BO3MOYKHBIX PEKUMOB JIBHKEHHsI, KOTOPOe
MOKeT OBITb 3(MPEKTUBHO MTPOJEMOHCTPHPOBAHO C HMCIOIB30BAHUEM IIPEIT0KEHHOTO B §2

IIOKa3aTeJId.

5 3akJjirodeHue

Pacrpejesientbie cpeibl JJOCTATOYHO XOPOIIO MOT'YT MOJEIUPOBATHCS JIUCKPETHBIMU TI0 TTPO-
CTPAHCTBY W BPEMEHU CUCTEMaMU HJIH PeleTKaMU CHEeTIeHHBIX oToOpazkenuit. Ho mis perre-
TOK CBS3AHHBIX OTOOpazKeHWil 3HAHWE BEJTUYNH, OIPeIEIdIONNX UX [I0OaTbHOe TOBeIeHne
Ha aCUMIITOTUYECKHU OOJIBIINX BPEMEHAX He MpeJICTaBjsieT DOJIbIIIOro nHTepeca. bojee BazKHO
HaTH XapaKTepPUCTUKHU, ONPE/IE/TAIONINe JOKAJIbHbIE CBONCTBA TAKUX CUCTEM U UX IBOJIIOIHUIO
BO BpEMeHH.

B jannoit pabore pa3BuBaeTcs HOBbI METO/I aHAJIN3A EMOYEK CBA3AHHBIX OTOOPaKEHUIA,
MO3BOJIAONIEH BU3YaJN30BATh MOBEJIEHUE OT/EbHBIX JIEMEHTOB U JUHAMUKY BCEl CHCTEMbI
B 1esioM. C ero moMombio UCCIeT0BAHO TOBeIeHNe KaK OJHOPOIHBIX cucTeM TuhdYy3n0HHO
CIETLIEHHBIX OJTHOMEPHBIX KBAJPATHIHBIX OTOOPAYKEHUil, TAK ¥ C MIPOCTPAHCTBEHHON HEOTHO-
poaHOoCThIO. [Ipu 3TOM paccMoTpenbl pa3/IMmYHbIe TUITHI HEOHOPOIHOCTEH: TePUOIMIeCcKast 110
BCEMY IPOCTPAHCTBY, HEOJHOPOJHOCTH B BHjie JedeKTa B HECKOJILKUX MOJPSI B3ATHIX de-
MeHTax U nedeKT B OJHOM eJUHCTBeHHOM 3meMeHTe. [lokazamno, 4To mpuCyTCTBUE B MOJIETN
Pa3JIMYHOTO BUJA HEOJHOPOJIHOCTENl MOYKET CYIIECTBEHHO M3MEHUTH MOBEJ/IeHNe BCEil cucre-
Mbl. B yacTHOCTH, IIPU ONpeje/IeHHbIX 3HAYEHHUSIX NapaMeTpoB u Kodddunuenton puddy-

30U JUHAMUKA HEOJHOPOJHON IEMOYKH C UepeayonuMucs JedeKTaMu CHHXPOHU3IUPYETCS
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IpU JTIOOBIX HAYATBHBIX YCIOBHAX. OCOOEHHOCTH TaKOil MENMOYKH COCTOUT B TOM, UTO OJI-
HOPOJIHBIE CHCTEMbBI CO 3HAYEHHUSIMH MAPAMETPOB, 33II0IINUX HEOHOPOIHOCTH, MPOSBJISIOT
MPOCTPAHCTBEHHO-BPEMEHHOM xaoc. MOXKHO cKa3aTh, 9TO CHHXPOHU3AINS CJI0KHOTO MOBEIe-
HUS TPOUCXOIUT IIYyTEM BHECEHUsI MPOCTPAHCTBEHHO MEPUOIUIECKON HEOTHOPOTHOCTH.

B 3akmiouenne ciaemyer OTMETHTDb, 9TO MPEJICTABIEHHDBIE PE3YIbTATHI SBJISIOTCS JIOCTA-
TOYHO HOBBIMU. AHAJIN3 TUHAMUKI HEOOHOPOOHLLT CUCTEM CIEILJIEHHBIX 0TOOPAzKeHUil BeChbMa,
CJIOJKEeH, W PACCMOTPEHHe JIayKe OJHOPOIHBIX JUCKPETHBIX MOjeeil KaK MpaBUIO HATATKH-
BaeTCs Ha 3HAYUTE/IbHBIE TPYAHOCTH. Tem He MeHee, MpeIOKEHHBIN KPUTEPUil JTOKATHHOTO
aHaJIN3a MO3BOJISIET YIIPOCTHTH UCCAEJIOBAHNE U HA2AAJHO OTOOpaKaTh MOBEJIEHUE PEIeTOK

B 1IEJIOM.
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Puc. 1: Obnactu cymecTBOBaHUS W YCTONYUBOCTH CTAIIMOHAPHBIX COCTOSHUI T U T U 3UT'3a-
roo6pas3Horo moeeenus menouku (7). S1, S2 — o6acTu CynecTBOBaHUs YCTONUUBBIX TOUEK
2] M T3 COOTBETCTBEHHO. Z — 0OJIACTh CYIIECTBOBAHMS YCTONYMBBIX 3MI3aro0OpPa3HBIX De-
mennii  (18).



Puc. 2: Junavuka cucrembt (11) npu 3navenusx mapamerpos a = 1,7 u ¢ = 0,45. Crena
MOKA3aHBl 3HAYEHNUS TMOKA3ATEJNsI A B 3aBUCHMOCTH OT HOMEpa 371eMeHTa (TOpU30HTATbHAS
0Cb) U BpeMeHH B Maciirabe 7 (BepTHKAJbHAS OCh), & CIIPABA — COOTBETCTBYIOIIEe 3HAYECHIE
epuooB p. BE3y 0ToOparkeno pacupe/ie/ienue BeJIMUnH I B HEKOTOPbIE MOCTeI0BATeILHBIC
MOMEHTbI BpEMEHH.
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Puc. 3: Toxke uto u na puc. 2 npu a = 1,7 u € = 0,11595.
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Puc. 4: Tunamuka KombleBoii nenouku (21) npu a = 1,44 u ¢
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Puc. 6: Toxke utro n na puc. 4 npu a = 1,8 u e =0, 3.
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Puc. 7: Jlunamuka nemoduku (21), y KOTOpOii BCe 37MeMEHTBl (KpOMe HMEeHTPAJbHBIX) HMEIOT
OJIHO 3HAYEHHe mapamerpa, a = a; = 1,44, a nenrpajbuble (¢ Homepamu i = 47—53) — uHOe,
a = ay = 1,97 (nocne npeapaputenbubix 10° urepannii). 3uadenne quddysun & = 0, 7.
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Puc. 8: IToBeaenne cucremsr (22) ¢ depegoBanmeM apaMeTpa HEIHHEHOCTH B 3JeMEHTaxX
mocyIe mpeaBapuTeabHbIX b - 107 urepammit. a; = 1,8, as =1,97ue =0,7.
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Puc. 9: /lunamuka KoubleBoit nemnovkn (21) npu 3nadeHusix mapamerpoB a = a; = 1,8 u

e=0,1.
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Puc. 10: Toxke uTo u Ha puc. 9 npu Haauuuu aedekra ¢ a; = 1,99 B 0JHOM eTUHCTBEHHOM
snemente (i = 75). ¢ =0, 1. [IpoBeneno 5 - 107 mpeBapHTETbHBIX HTEPATIHIi.



